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Foreword

These are course notes for a one-semester third-year course on cat-
egories and modules taught at the University of Amsterdam.

Prerequisites

Linear algebra, groups, elementary point-set topology, and the ba-
sics of rings and fields. Several exercises and examples in the parts
about categories refer to basic concepts in algebraic topology, Galois
theory, or representation theory. Although in principle these can be
skipped, developing a rich vocabulary of natural examples is probably
the most important aspect of becoming acquainted with categories.

Other sources

Excellent alternative sources for much of the material in this course
are the concise but clear and well-written Atiyah & MacDonald [1], the
more lengthy Lang [2], the course notes by Moerdijk [3] and (in Dutch)
the Algebra 2 course notes by Stevenhagen [4]. A good introduction
in the language of categories and functors containing much more than
these notes is [5].
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CHAPTER 1

Modules over a ring

1. Left and right modules

Let R be a ring. Recall that this means R is a set equipped with
an addition (s,t) — s+ t, multiplication (s,t) — st, and distinguished
elements 0 € R and 1 € R satisfying

(R1) (R,+,0) is an abelian group,

(R2) for all r,s,t € R we have (rs)t = r(st),

(R3) forallr, s,t € Rwe have r(s+t) = rs+rt and (r+s)t = rt+st,

(R4) for all r € R we have 1r =71 =r.

Definition 1.1. A left module over a ring R is an abelian group M
equipped with an operation

Rx M — M,(r,x) — rx

satisfying for all r,s € R and z,y € M the following identities:
(M1) r(x+y) =rz+ry,
(M2) (r+ s)x =rz+ sz,
(M3) (rs)x =r(sz),
(M4

) loz =z

One also says that ‘R acts on M’, so that axiom (M3) for example
expresses that acting by rs is the same as first acting by s, and then
by r.

We use the same symbol 0 to denote the elements 0 € M and 0 € R.
This should not lead to confusion, see Exercise

A right module over R is defined similarly: the action is written on
the right: M x R — M, (x,r) — xr, and must satisfy

(M1 (x +y)r = xr +yr,
(M2") x(r + s) = ar + s,
(M3’) z(rs) = (xr)s,
(M4") z1 = x.
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If R is commutative, then the difference between a left and a right
module is purely a matter of notation, but over a non-commutative ring
the axioms (M3) and (M3’) give genuinely different conditions.

We will mostly work with left modules, and simply call them mod-
ules over R or R-modules.

There is another way to describe (left) modules, using the endomor-
phism ring of an abelian group. Let A be an abelian group. Denote by
End(A) the set of group homomorphisms A — A. This forms a ring
with addition and multiplication of f, g € End(A) defined by pointwise
addition

ftg: A= A ars fa)+g(a)
and composition
fg: A= A, am f(g(a)).
The zero element of this ring is the constant map 0: a — 0, and the
unit element is the identity map ida: a — a.

Lemma 1.2. Let M be an R-module. Then the map
R — End(M), r — (z+— rx)

18 a ring homomorphism. Conversely, let M be an abelian group and
¢: R — End(M) be a ring homomorphism. Then the operation

RxM — M, (r,z) — rz = ¢(r)(x)
gives M the structure of an R-module.

PROOF. See Exercise [[L3l O

In other words, a (left) R-module is the same as an abelian group
M together with a ring homomorphism R — End(M).

2. First examples

Example 1.3. Let R be a ring. Then the trivial group {0} is an R-
module with 70 := 0 for all » € R. We denote this module by 0, and
call it the zero module.

Example 1.4. Let R be a ring and n > 0. Then M := R"™ is an
R-module with addition

(1, s xn) + (Y1, o5 Yn) = (T1+ Y1, -+ s Ty + Yn)

and R-action
re(xr, ., mp) = (TT, ., TEy).
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For n = 0 we obtain the zero module R% = 0 and for n = 1 we obtain
the R-module R.

Example 1.5. For every abelian group A there is a unique ring homo-
morphism Z — End(A). It follows that a Z-module is the same as an
abelian group. For r € Z and = € A we have

x+---+x (rterms) r>0
rer=
—(x+---+x) (—rterms) r<0

Example 1.6. Let K be a field. Then a K-module is the same as a
K-vector space.

Example 1.7. Let K be a field and n > 0. Let Mat,(K) be the ring
of n by n matrices over K. Then K™ is a left Mat,, (K )-module via

Mat,(K) x K" — K", (A,v) —» A - v,
where we interpret vectors v € K™ as column matrices.

Example 1.8. Let R be a ring and I C R an ideal. Then [ is an
R-module.

Example 1.9. Let K be a field. Let V be a K-vector space, and
a:V — V be a K-linear endomorphism of V. Then there is a unique
ring homomorphism

p: K[X] — End(V)
such that
(1) p(A)(v) =M v forall e K andv eV,
2) p(X) = a.
This homomorphism is given by

(1) p: Z)\iXi > (v > Z)\iai(v)) ,

where o denotes the iterated composition avo--- o a. In particular, V
obtains the structure of a K[X]-module.

Conversely, given a K[X]-module V, the restriction of the action of
K[X] to K makes V into a K-vector space, and the map

a:V-oVo—X- v

is K-linear. We conclude that a K[X]-module is the same as a K-vector
space equipped with an endomorphism (namely the action of X).
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We will see in Chapter [3] that the ‘Jordan normal form’ of complex
square matrices (C-linear endomorphisms of C"), is really a theorem
about the structure of C[X]-modules, and that it is most naturally
explained in terms of ideals in C[X].

Example 1.10 (The group algebra and representations). Let K be
a field and G a group. Let K[G] be the group algebra of G over K.
Elements of K[G] are formal expressions

Zagg (ag € K)
geG

with a, = 0 for all but finitely many g (this is automatic if G is a
finite group). Addition is defined in the obvious way. Multiplication is
defined by extending the multiplication in G. We have

S o) (S ) - e
geG heG teG
with
c = Z agbp,.
gh=t
A K[G]-module is the same as a K-vector space V, together with a
group homomorphism
G — GLK(V) = EndK(V)X.

In other words, a K[G]-module is a K-linear representation of G.

3. Homomorphisms, submodules and quotient modules

Definition 1.11. Let M and N be R-modules. An R-module homo-
morphism from M to N is a map f: M — N such that for all » € R
and z,y € M we have

fla+y)=f=)+ fy)
and
f(ra) = rf(a).

We also say that the map f: M — N is R-linear. The set of R-module
homomorphisms from M to N is denoted Homp(M, N). An isomor-
phism of R-modules is a bijective R-module homomorphism. Two R-
modules are called isomorphic if there exists an isomorphism between
them.
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A submodule of an R-module M is a subgroup N C M such that for
allr € Rand x € N we have rx € N. A submodule of an R-module is
itself an R-module. If N C M is a submodule, then the abelian group
M /N has the structure of an R-module, via

r(z+ N) :=rxz+ N.

We call M/N the quotient module.
To a module homomorphism f: M — N are associated three im-
portant modules. The kernel

ker f:={z e M| f(x) =0} C M,
which is a submodule of M, the image
im f:= f(M) C N,
which is a submodule of N, and the cokernel
coker f := N/(im f),

which is a quotient module of N. A homomorphism f is injective if
and only if ker f is trivial, and it is surjective if and only if coker f is
trivial.

As with groups or vector spaces, we have the natural isomorphism

M/(ker f) S im f, z +— f(x).

4. Products, direct sums and free modules

Let R be a ring and let M and N be R-modules. The cartesian
product M x N is naturally an R-module with (z1,z2) + (y1,%2) =
(x1+y1,x2+y2) and r(x1, z2) = (ray,rza). We call this R-module the
product or direct product of the R-modules M and N. More generally,
if (M;)ier is a family of R-modules indexed by a set I, then the product
[L;c; M; is naturally an R-module with

(xi)ier + Wi)ier = (@i + Yi)ier,  7(xi)ier = (rxi)ier,

for all (z;)icr, (¥i)ier in [[;c; M; and r € R. The empty product gives
the zero module.

The direct sum of a collection (M;);c; of R-modules indexed by a
set I, denoted @, ; M; is the R-submodule of [[;.; M; defined as

D = {(:Bi)ie] e [IM: | {icl:ai#0}is ﬁnite}.

el i€l
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Note that this is indeed a submodule: if (z;);er and (y;);er have only
finitely many non-zero terms, then so do (z; + v;)icr and (rx;)ier.
One sometimes phrases the condition on (z;);er as ‘x; is zero for
all but finitely many 7’. Of course, if I is finite then the condition is
vacuous and we have @,.; M; = [[;c; M;.
We have natural ‘inclusion’ maps

T 1=7
LjZMj—)@Mi,SCP—)Lj(LE), Lj($)i:{ _ j
: 0 i#j
el
and ‘projection’ maps
Tt HMZ — Mj, («Tz’)iel = Zj.
el
If we have M; = M for all i, then we write M' := [[,.; M and
MWD = ®;er M, so that we have
MI = {(xi)iel | x; € M}
and
MO = {(l’i)ie[ | z; € M, and x; = 0 for all but finitely many ¢ }
If ] is a finite set of cardinality n, then we have M1 = M) >~ ppm,

Let (x;)icr be a family of elements of an R-module M. Then we
call the intersection of all submodules N C M that contain all z; the
submodule generated by (z;);c;. We denote it by (z;)icr. It is the
smallest submodule of M containing all the x;. It consists of all finite
R-linear combinations of the x;.

We say that M is finitely generated if there exists a finite family
(xi)iej with M = <£CZ>

Example 1.12. Let R be a ring and I a set. Consider the module
RU = {(n)ig € RY| r; =0 for all but finitely many i € I}.
For an index ¢ € I we denote by e; € RU) the element ei :=t;(1). One
may think of e; as the ‘standard basis’ element
ei=1(...,0,0,1,0,0,...)

with a 1 at position i. Clearly, every element of RY) is a finite R-linear
combination of e;’s, so the family (e;);e; generates RY . Note that if T
is infinite, then the e; do not generate the direct product R’.
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Proposition 1.13. Let R be a ring, M an R-module, and (x;)icr a
family of elements of M. Then there exists a unique R-linear map
©: RO — M with p(e;) = z; for everyi € I.

Moreover, ¢ is surjective if and only if M is generated by (z;)icr-

This generalises the basic fact from linear algebra that giving a
linear map R™ — V is the same as giving the images of the standard
basis vectors.

PROOF OF PROPOSITION [LT3] The map ¢ is given by

p: R = M, (ri)icr = Y rii
el
(note that in the sum only finitely many terms are non-zero). This map
is surjective if and only if every element of M can be written as a finite
R-linear combination of elements x;. O

Definition 1.14. Let M be an R-module and (z;);e; a family of el-
ements of M. Let ¢: RY) — M be the unique R-linear map with
p(e;) = x; for all i € I. We say that (x;);cr is a basis of M if ¢ is an
isomorphism. We say that an R-module M is free if it has a basis. If
it has a basis of cardinality n, then we say that M is free of rank n.

In particular, M is free of rank n if and only if M = R™.

In contrast with the case of vector spaces (modules over a field), a
finitely generated R-module need not have a basis. For example: for
m > 1 the Z-module Z/mZ does not have a basis, and hence is not
free.

Proposition 1.15. Let M be an R-module and (x;)icr a family of
elements of M. Then (x;)icr is a basis of M if and only if for every
x € M there is a unique family (r;);er of elements in R with

(1) r; =0 for all but finitely many i, and

(2) &= e riti-

Note that the condition in (1) guarantees that only finitely many
terms in the sum in (2) are non-zero.

PROOF OF PROPOSITION [[LT5l This is a direct translation of the
definition: existence of (r;) is equivalent with x being in the image of
¢: RY) — M, and uniqueness is equivalent with ¢: RY) — M being
injective. O



16 1. MODULES OVER A RING

Example 1.16. Let U be an open subset of R"®. Then the space of 1-
forms QY(U) on U forms a module over the ring C*°(U) of C*° functions
on U. This module is free of rank n, with basis dz,...,dz,.

Proposition 1.17. Let R be a commutative ring with 0 # 1. If R"™
and R™ are isomorphic R-modules, then n = m.

In other words: an R-module over a non-zero commutative ring
which is free of finite rank has a well-defined rank. We already know
this if R is a field (any two bases of a vector space have the same
cardinality), and the proof of the proposition will be by reduction to
the case of a field.

PROOF OF PROPOSITION [LI7 Let M = R™, N = R"™ and let
p: M —- N
be an isomorphism. Let I C R be a maximal ideal (which exists in
every non-zero commutative ring). Then ¢ induces an isomorphism
¢: M/IM — N/IN
of R/I-modules (see also Exercise [[.11). We have M/IM = (R/I)™

and N/IN = (R/I)". But R/I is a field, so using the fact that a vector
space has a well-defined dimension we find

m:dlmR/IM/IM:dlmR/IN/IN:n,

which is what we had to prove. O
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Exercises

Exercise 1.1. Let M be an R-module. Show that for every r € R and
x € M the following identities in M hold:

(1) 70 =0,

(2) 0z =0,

3) (=r)z =r(-z) = —(rz).
Exercise 1.2. Let R = {0} be the zero ring. Show that every R-module
is the zero module.
Exercise 1.3. Prove Lemma [[.2]
Exercise 1.4. Let R = (R,0,1,+,-) be a ring. Consider the opposite
ring R°? = (R, 0,1, +,-°P) where multiplication is defined by

rPsi=g.r

Show that a right module over R is the same as an abelian group M
equipped with a ring homomorphism R°? — End(M).

Exercise 1.5. Let M be an R-module, and let x1,...,x, be elements
of M. Verify that the map
R" — M, (r1,...,rn) = m1Z1 + -+ + Xy

is a homomorphism of R-modules.

Exercise 1.6. Let R be an integral domain and I C R a non-zero
principal ideal. Show that I, as an R-module, is isomorphic to the
R-module R.

Exercise 1.7. Let R be a ring, and let M and N be R-modules. Show
that point-wise addition makes Hompg(M, N) into an abelian group.
Show that if R is commutative, then Hompg (M, N) has a natural struc-
ture of R-module.

Exercise 1.8. Let R be a ring. Show Homp(R, M) = M as abelian
groups (and if R is commutative, as R-modules).

Exercise 1.9. Verify that the map in Example is indeed a ring
homomorphism.

Exercise 1.10. Let K be a field and n a positive integer. Let V' be a
K-vector space, and let ai, a2, ..., a, be pairwise commuting linear
endomorphisms of V. Show that there is a unique ring homomorphism

p: K[X1,...,X,] = End(V)
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such that for all A € K and v € V' we have p(\)(v) = Av and for all ¢
we have p(X;)(v) = a;(v).

Convince yourself that a K[Xy,..., X,]-module is the same thing
as a vector space together with n pairwise commuting linear endomor-
phisms.

Exercise 1.11. Let R be a ring and I C R a (two-sided) ideal. Let M
be an R-module. Show that

IM = {anz |ri€l,x; € M}

is a sub-R-module of M, and show that M/IM is an R/I-module.
Show that if M is free of rank n as R-module, then M/IM is free of
rank n as R/I-module.

Exercise 1.12. Let R be a ring and let M be a left R-module. Show
that
Amngp(M):={reR| re=0forallz € M }
is a (two-sided) ideal in R.
Exercise 1.13. Show that Q is not a finitely generated Z-module.

Exercise 1.14. Let K be a field and I a countably infinite set. Show
that the K-module K! does not have a countable generating set.

Exercise 1.15. Show that Q is not a free Z-module.

Exercise 1.16. Prove the following generalisation of Proposition [I.13}
Let R be a ring and let (M;);er be a collection of R-modules indexed by
a set I. Let N be an R-module, and let (f;: M; — N); be a collection
of R-linear maps. Then there exists a unique R-linear map

f: @PMi—N
i€l
such that for all ¢ € I and « € M; we have f(i;(z)) = fi(x).

Exercise 1.17. Let R be a ring, (M;);c; a family of R-modules, and
N an R-module. Show that there are isomorphisms

Homp(EP M;, N) = [ Hompg(M;, N)
i€l i€l
and
Hompg(N, [ [ M;) = [ Homg (N, M;)
i€l i€l
of abelian groups.
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Exercise 1.18 (x). Let K be a field. Let R be the set of co by co
matrices

ail a2

a1 a2

with a;; € K, and with the property that every column contains only
finitely many non-zero elements. Verify that R (with the usual rule
for matrix multiplication) is a ring. Show that the left R-modules R
and R & R are isomorphic. Conclude that the condition that R is
commutative cannot be dropped from Proposition [1.17






CHAPTER 2

Exact sequences

Exact sequences form a useful and extensively used notational tool
in algebra. They allow to replace tedious and verbose arguments in-
volving kernels and quotients by quick and intuitive ‘diagram chases’.

1. Exact sequences

If f: My — M and g: My — Mg are R-module homomorphisms,

then we say that the sequence
My L vy 2w

is exact if and only if the image of f is the kernel of g, as submodules
of Ms. For example: the sequence

00— M — N
is exact if and only if M — N is injective, and the sequence
M—N-—0

is exact if and only if M — N is surjective.
A general sequence

s My P M T M —
is called exact if for every i we have ker f; = im f;_1 as submodules of
M;.
An exact sequence of the form
0— M -5 My L My — 0
is called a short exact sequence. Note that f induces an isomorphism
M; = kerg
and ¢ induces an isomorphism
coker f = Ms.

21
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We will often interpret the injective map f as the inclusion of a sub-
module M; into M, and M3 as the quotient of Ms by the submodule
My, so that we can think of any short exact sequence as a sequence of
the type

0— M —)Mz—)MQ/M1—>O.

2. The Five Lemma and the Snake Lemma

The Five Lemma and Snake Lemma are powerful and often-used
lemmas about modules that are hard to state (and even harder to prove)
without the language of commutative diagrams and exact sequences.
The proofs are classic examples of ‘diagram chasing’. Such arguments
are often fairly easy to verify by tracing elements around the diagram
on the blackboard or a piece of paper, but are sometimes headache-
provokingly resistant to being rendered or read in prose.

Theorem 2.1 (Five Lemma). Let R be a ring. Consider a commutative
diagram of R-modules

M,y My M3 My M3
lf1 lf2 lfs lf4 lfs
Ny Ny N3 Ny N5

with exact rows. If f1, fa, f1, f5 are isomorphisms, then so is f3.

~

\
>

In fact, the proof will show that it suffices to assume that f; is
surjective, f5 is injective, and fo and fy are isomorphisms.

PRrROOF. The proof consists of two parts, one showing that fs is
injective, the other that it is surjective. Both parts require only part of
the hypotheses in the theorem.

Claim. If f1 is surjective, and fo and f; are injective, then fs3 is
injective.

Indeed, assume f3(z) = 0 for some x € M3. We need to show that
xz = 0. Let 2/ € My be the image of z. By the commutativity of the
diagram, f4(z’) = 0. But f4 was injective, hence ' = 0. It follows that
x € Ms is the image of some element y € Ms. By commutativity, fa(y)
maps to zero in N3, hence f(y) is the image of some element z € Nj.
By the assumption on fi, there is a Z € My with fi(2) = 2.

Consider the image 3’ of Z in M. By commutativity, we have
f2(y') = fa(y), but since fs is injective, this implies ¥’ = y. We see that
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x € Ms is the image of some element Z in M7, and hence by exactness
we conclude x = 0.

Claim. If f5 is injective, and fo and f4 are surjective, then fs is
surjective. The proof of this second claim is left to the reader, see
Exercise 2.3

The theorem follows immediately from the above two claims. [

Theorem 2.2 (Snake Lemma). Let R be a ring. Let
My — My —P— My
ifl lf2 lf:’,
Ny —2 5 N, 2 N

be a commutative diagram in which both horizontal rows are short exact
sequences. Then there is a commutative diagram

0

~
o

\
>

0 > 0

\
>

0 — s kerfi —— ker fo —— ker f3

l | 7

0 > M ¢ My > My 0
ifl 2 f3
0 > N1 > NQ A > N3 0

qker fi —— coker fo —— coker f3 —— 0

of R-modules in which the maps ker f; — M; and N; — coker f; are the
natural inclusions and projections, and in which the sequence

0 — ker f1 — ker fo — ker f3 — coker f; — coker fo — coker f3 — 0

1S exact.

SKETCH OF PROOF. We only give the most interesting part of the
proof: the construction of the ‘snake’ map

d: ker f3 — coker fi.

Let x € ker fs C Mjs. Since the map 8: My — Ms is surjective,
there is a y € My with B(y) = x. By the commutativity of the right
square, we have

B'(f2(y)) = f3(B(y)) = fs(x) = 0.
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So fa(y) € ker 8/ = im «/, hence there is a z € Ny with o/(2) = fa(y).
Note that z is unique, as the map o’ is injective. We define d(z) as the
element z € coker f1 = N1/ fi1(My).

We must check that this is well-defined, since our construction de-
pended on the choice of y € My with 8(y) = z. Let y € My be
another element with 5(y') = z, leading to a 2’ € Ny as above. Since
By —y) = x —x = 0 there is a unique § € M; with ¢/ —y = «(d).
Now the commutativity of the diagram shows 2’ — z = f1(§) in Ny, and
hence z' = z in N1/ f1(My), as we had to show. O

3. Split short exact sequences

Let M and N be R-modules. Then their direct sum fits into a short
exact sequence
0—M-“SMaN-5N-—0

where the maps are the natural inclusion i: z +— (z,0), and projection
p: (z,y) — y. It is often convenient to be able to recognize if a given
short exact sequence is of the above special form.

Theorem 2.3 (Splitting lemma). Let

0—>M1L>MQL>M3—>O

be an exact sequence of R-modules. Then the following are equivalent:
(1) there is a homomorphism h: My — My such that hf = iday,
(2) there is a homomorphism s: Ms — My such that gs = idy,

(3) there is an isomorphism @: My = My @ Ms such that the
diagram

0 >M1 f >M2 g M3*>0

bk b

0 s My L Ml@M:),*)p My —— 0

commutes (where i(x) = (x,0) and p(x,y) = y.)

If these conditions hold, we say that the sequence is split or split
exact. The map h is called a retraction of f, and the map s a section
of g. See Exercise [2.12] for examples of short exact sequences that are
not split.
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PROOF OF THEOREM [2.3] We first show that (3) implies (2). In-
deed, the map
M3 — M27 Y= 30_1(0ay)
is a section of g.
Next, we show that (2) implies (1), so assume that s: Mg — My is
a section. We will construct a retraction h: My — Mj. Let © € Ms.
Consider the element

y =z —s(g(z)) € M.

Then, since gs = id we have
9(y) = g(x) — g(s(g(z))) = g(x) — g(z) = 0.

So y € kerg = im f, and since f is injective, there is a unique z € M,
with f(z) = y. Define h(x) := z. One checks that h is indeed a
retraction.

Finally, to show that (1) implies (3), assume that h: My — M is
a retraction. Then consider the map

¢: My — My & M3, x — (h(z),g(z)).

Note that this map is an R-module homomorphism. We verify that
it makes the diagram commute. We start with the left square. Take
an x € Mj in the left-top corner of this square. Going down and
then right, it gets mapped to i(id(z)) = (z,0) € M; & M3. Following
the other path, we end up with ¢(f(z)) = (h(f(z)),g(f(x))). But
now, h(f(xz)) = x because h is a retraction, and g(f(x)) = 0 because
im f = ker g by the hypothesis that the sequence is exact. We conclude
that o(f(z)) = (z,0) and that the left square indeed commutes. For the
right-hand square, take x € Ms. Then one path yields id(g(x)) = g(x),
and following the other path, we obtain p(¢(z)) = p(h(z),g(x)) =
g(z). These agree, so we conclude that the diagram indeed commutes.
Finally, by Exercise [2.5| we see that the map ¢ is automatically an
isomorphism, which shows that (3) indeed follows from (1). O
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Exercises
Exercise 2.1. Show that
0—M—0
is exact if and only if M is the zero module.

Exercise 2.2. Let f: M — N be an R-module homomorphism. Show
that there is an exact sequence

O—)kerf—)MLN%cokerf—)O
of R-modules.

Exercise 2.3. Complete the proof of the Five Lemma (Theorem :
show that if fo and f; are surjective, and if f5 is injective, then f3 is
surjective.

Exercise 2.4. Let

My Mo Ms 0
lfl lf2 i
N1 Ny N3 0

be a commutative diagram of R-modules with exact rows. Show that
there exists a unique R-linear map f3: Mz — N3 making the resulting
diagram commute.

Exercise 2.5. Consider a commutative diagram of R-modules

0 M 25 FE N 0
lidM lf JidN
0 M E N 0

in which both rows are short exact sequences. Deduce from the snake
or five lemma that f must be an isomorphism. Show that f is an iso-
morphism without using the snake or five lemma. (Hint for surjectivity:
given y € E’ choose an x € F with same image as y in N. Show that
there is an z € M with f(a(z) +z) =y.)

Exercise 2.6. Give an example of a diagram as in Theorem for
which the ‘snake map’ d: ker f3 — coker f; is non-zero.
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Exercise 2.7. Let R be a ring and let
My —— My
[
N1 —— Ny

be a commutative diagram of R-modules, in which the two horizontal
maps are injective. Show that there exists an R-module F and an exact
sequence

0 — kera; — kerag —> E — coker aty — coker as

of R-modules.

Exercise 2.8. Let R be a ring, let
(2) 0 — My — My — Msj
be an exact sequence of R-modules, and let IV be an R-module. Show
that there is an exact sequence of abelian groups
0 — Homp(N, M;) — Hompg(N, My) — Hompg (N, Ms3).

Give an example to show that the exactness of 0 — M; — My —
M3 — 0 need not imply that the map Hompg(N, M) — Hompg(N, M3)
is surjective.
Exercise 2.9. Let R be a ring, let

M1 — Mg — M3 —0

be an exact sequence of R-modules, and let NV be an R-module. Show
that there is an exact sequence of abelian groups

0— HOmR(Mg,N) — HOmR(MQ, N) — HOmR(Ml, N)

Give an example to show that the exactness of 0 — M; — My —
M3 — 0 need not imply that the map Hompg(Ma, N) — Homp(M;, N)
is surjective.
Exercise 2.10. Let I and J be left ideals in a ring R. Show that there
are exact sequences

O=INJ—=I1®J—=1+J—=0

and
0—-R/INJ)—>R/I®R/J—R/(I+J)—0
of R-modules.
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Exercise 2.11. Let R be a commutative ring and let
0—M —F—N—70

be a short exact sequence of R-modules. Let I := Anng M and J :=
Anng N (see Exercise [1.12). Show that

IJCAmgpFECINnJ
as ideals in R.

Exercise 2.12. Show that the short exact sequences of Z-modules

0—Z 57— 7Z/2Z —0

and
0—> Z/2Z 25 ZJAZ — Z/2Z — 0

are not split. (Heli the ‘2’ above the arrows are shorthand for the maps
x+— 2z and T — 2z.)

Exercise 2.13. Let K be a field. Show that every short exact sequence
of K-modules is split exact.

Exercise 2.14. Let G be a finite group, and K a field of characteristic
zero. Maschke’s theorem asserts that for every representation V of G
over K, and for every G-stable subspace W C V there exists a G-
stable complement U C V. Show that every short exact sequence of
K[G]-modules is split.

Exercise 2.15 (x). Let G be the cyclic group of 2 elements. Consider
the group ring R := F3[G]. Give an example of a non-split short ex-
act sequence of R-modules. Show that not every representation of the
group G over the field Fs is isomorphic to a direct sum of irreducible
representations.

Exercise 2.16. Let K be a field. Consider the subring

R:z{(a b) ]a,b,cEK}
0 c

of the ring Mat(2, K) of two-by-two matrices over K. Let M be the
module of column vectors (Z) on which R acts by the usual matrix

6 o) ()= (73"

multiplication:
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Show that N := {(jj) | € K} C M is a sub-R-module, and that the
short exact sequence of R-modules

0O—N-—M-—M/N—0
does not split.

Exercise 2.17. Let R be a ring and let M and N be R-modules. Show
that any short exact sequence of the form

0O— M -—N-—R"—0
is split.

Exercise 2.18. Let R be a ring and let I C R be a left ideal. Show
that a short exact sequence of left R-modules of the form

0—M-—N-"R/I—0

splits if and only if there exists an x € N with 7(z) =1+1 and rx =0
for all r € 1.

Exercise 2.19. Let
00— M, — My — M3 —0

be a split short exact sequence of R-modules, and let NV be an R-module.
Show that the induced sequences

0 — Homp(N, M;) — Hompg (N, M2) — Homp(N, M3) — 0
and
0 — Hompg(M3, N) — Homp(Ms, N) — Homp(M;, N) — 0
are exact.
Exercise 2.20. Let R be a ring and let
00— M, — My — M3 —0

be a short exact sequence of R-modules. Show that if M; is free of rank
n1 and Ms is free of rank ng, then My is free of rank nq + ng.






CHAPTER 3

Finitely generated modules over a PID

1. Introduction

The classification of finite abelian groups states that for every finite
abelian group A there are prime numbers p; (not necessarily distinct)
and exponents e; > 1 such that

A=(Z/p)'Z) x - x (Z/pZ).

The existence of Jordan normal forms states that for every square
matrix P over C there exist complex numbers \; (not necessarily dis-
tinct) and integers e; > 1 so that P is conjugate to a block diagonal
matrix with blocks

A 0 -+ 0 0
1 X -+ 0 0
0o 0 --- XN O
o 0 -~ 1 N

of size e;.

In this chapter, we will see that these two theorems are just two
instances of one and the same theorem about finitely generated modules
over a principal ideal domain. In the first case, the PID will be Z, in
the second case it will be C[X].

2. Review of principal ideal domains

Let R be a PID (principal ideal domain). Recall that this means
that R is an integral domain (a nonzero commutative ring without
zero divisors), and that for every ideal I C R there is an r € R with
I = (r) = Rr. For our purposes, the most important examples are
R =7 and R = K[X] with K a field. Other important examples are
the ring of power series K[[X]], the ring of p-adic integers Z,, and the

31
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ring of Gaussian integers Z[i]. Also a field K is a PID, but of a rather
trivial kind.

PID’s are unique factorization domains. This means that every
non-zero element 7 in a principal ideal domain R can be written as

fr:upilpfln

with v € R*, with the p; € R irreducible, and with e; non-negative
integers. Moreover, such factorization is unique up to multiplying u
and the p;’s by units, and up to permuting the factors.

Using this prime factorization, we can define greatest common divi-
sors ged(r, s) of two non-zero elements of R. They are uniquely deter-
mined up to units (for example both 2 and —2 are a ged of 4 and 6 in
Z). Similarly, we can define geds of any sequence 71, . .., r, of elements
of R which is not identically zero (ignoring the zeroes in the sequence).

An element d € R is a ged of 71, ..., r, if and only if d generates
the ideal (71,...,7,) of R. In particular, there are ay,...,a, in R with
d = ayry + -+ apry. For example, if r and s are coprime (have no
common prime factor), then there are a and b in R with ar + bs = 1.

3. Free modules of finite rank over a PID

Proposition 3.1. Let R be a PID and M C R"™ a submodule. Then
M = R* for some k < n.

Hence over a PID a submodule of a free module of finite rank is
itself free of finite rank. The condition that R be a PID cannot be
dropped from the proposition, see Exercise [3.3]

PROOF OF PROPOSITION [3.l We use induction on n. For n = 0
we have M = R™ = 0, and M is indeed free of rank 0. Assume that the
proposition has been shown to hold for submodules of R"~!. Consider
the projection

m: R" = R, (r1,...,m0) = Ty
with kernel R"~! x {0}. Then we have a short exact sequence

0— Mnkerm — M — (M) — 0.

By the induction hypothesis, we have that the submodule M Nker 7 of
R x {0} is free of rank k < n — 1. If 7(M) = 0, then we are done.
If 7(M) # 0, then 7(M) is an ideal in R, hence a principal ideal, hence
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m(M) = R as R-module. By Exercise any short exact sequence of
R-modules of the form

0—N-—M-—R-—0
splits, and we find M =2 R@® (M Nkerw) = RF with k+1<n. 0O

Corollary 3.2. Let R be a PID and M a finitely generated R-module.
Then there exists an exact sequence

00— F —F—M—0
with F1 and Fy free R-modules of finite rank.

PROOF. Since M is finitely generated, by Proposition there is
a surjection Fy — M with F5 a free module of finite rank. The kernel
Fy C F5 is also free of finite rank, thanks to Proposition [3.1 O

4. Structure of finitely generated modules over a PID
The main theorem of this chapter is the following structure theorem.

Theorem 3.3. Let R be a principal ideal domain and M a finitely
generated R-module. Then there exists an integer n and non-zero ideals
Ii, ..., I of R such that

M=R'®R/Iy®---®R/I}
as R-modules.

For the proof we need the notion of content of an element of a
module. Let R be a commutative ring and let M be an R-module. An
element x € M determines a map

(3) Homp(M,R) = R, f — f(z).

This map is R-linear, hence the image is an ideal. We denote it by
ey (), and call it the content of .

Lemma 3.4. If M is free of finite rank, and x € M is non-zero, then
ey () is a non-zero ideal in R.

Proor. Without loss of generality, we may assume M = R™ and
x = (x1,...,Ty). Since z is non-zero, there exists an ¢ with x; # 0.
Consider the map

pri: R = R, (y1,- -5 yn) = i
We have pr; € Hompg(M, R) and pr;(x) # 0, hence cps(x) # 0. O
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Note that the coordinates x; of x € M = R"™ depend on the choice
of basis of M, but that the content ideal cjs(x) is independent of such
choice!

Lemma 3.5. Let R be a principal ideal domain, M o free R-module
of finite rank, and x € M a non-zero element. Then there is a surjec-
tive R-linear map f: M — R such that f(x) € R generates the ideal
cem(x) C R.

PROOF. Since R is a principal ideal domain, there exists an f €
Homp (M, R) such that f(x) generates the ideal cjs(x). Moreover, by
Lemma [3.4| we have f(z) # 0.

Consider the image of f: M — R. This is an ideal I C R, and it
suffices to show that I = R. As R is a PID, the ideal I is generated by
some element r € R. For every y € M we have f(y) € I and (since R
is an integral domain) there exists a unique g(y) € R such that

fly)=g(y) - r.

This defines an R-linear map g: M — R. Now consider the element
g(z) € R. By definition of cps(x) we have g(x) € cpr(x). Since f(x)
generates cps(x) there is an s € R with g(x) = sf(z). But we also have
f(x) =rg(z), hence rs = 1, hence I = R and f is surjective. O

PROOF OF THEOREM [3.3] By Corollary [3.2] every finitely gener-
ated R-module M sits in a short exact sequence

0—F —Fh—M-—70

with the F; free R-modules of finite rank. We will interpret F} as a
submodule of F5.

The proof goes by induction on the rank of Fj. If Fj is zero, then
M = F5 =2 R™ for some n, and the theorem holds.

Otherwise, let z € F; be a non-zero element whose content I :=
cr, () with respect to Fy is maximal (amongst all the ideals in R of the
form cp, (x) with = € F}).

By Lemma there is a surjective map f: Fy — R such that f(x)
generates [.

Claim. f(F1) =1 C R. Indeed, since f(z) generates I we certainly
have f(F1) D I. Conversely, for z € Fy, let d be a ged of f(z) and
f(z). Then there exists r,s € R with rf(z) + sf(z) = d, and hence
f(rz + sz) = d. By the maximality of the content of  we have that d
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must equal f(z) up to a unit, hence f(z) must be divisible by f(z) and
hence f(z) € I.
Denote the kernel of f: F; — R by Fj (note that by Proposition
, this is also a free module). We have a short exact sequence
O—>Fé—>F2i>R—>0.
Similarly, let F| be the kernel of the restriction f: F; — R. We find a
short exact ‘sub-sequence’
0—F —m L1 o

Since f(z) generates I = cp,(x) there is a y € F with f(z)y = z. Now
the first sequence splits by the section R — Fb, 1 — gy, and this section
restricts to a section I — F} in the second short exact sequence.

We find M = M’ & R/I with M’ given by the short exact sequence

0— F — F) — M' — 0.
Since F] has lower rank, the induction hypothesis guarantees
M =~ R" &R/, &---& R/,
which finishes the proof. O

5. Application to Jordan normal form
Theorem [3.3 has the following corollary.

Corollary 3.6. Let R be a PID and M a finitely generated R-module.
Then there exists an integer n, irreducible elements p1,...,pr of R and
positive integers ey, ..., e such that

M=R"®R/p'R®---® R/pi*R
as R-modules.

PROOF. By Theorem [3.3]it suffices to show that for every non-zero
ideal I the R-module R/I can be written in the desired form. Let = be
a generator of I, and consider its prime factorization
with p; pairwise non-associated primes. Then by the Chinese Remain-
der Theorem, we have

R/I=R/p{R® - & R/p*R,

as we had to show. O
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We now consider two special cases of this corollary. The first one is
a structure theorem for finitely generated and finite abelian groups.

Theorem 3.7 (Classification of finitely generated abelian groups). Let
A be a finitely generated abelian group. Then there exists an integer n,
prime numbers p1, ..., pr, and positive integers ey, ..., ex such that

A=TZ" X Z/pT'Z x - x Z/pMZ.
If A is a finite abelian group then
A=Z/pPZ % - X Z/pFZ.
PROOF. Apply Corollary [3.6] to the case R = Z. O

The second special case is a structure theorem for endomorphisms of
finite-dimensional vector spaces over C (or over an algebraically closed
field).

Theorem 3.8. Let K be an algebraically closed field. Let'V be a finite-
dimensional vector space over K. Let a: V — V be an endomorphism.
Then there exist N1, ..., Mg in K, positive integers ey,...,er, and a
decomposition

V=Vo -V
such that a(V;) C V;, and such that each V; has a basis on which « is
expressed as the standard Jordan matriz

A 0 -+ 0 0
1 X -+ 0 0
0 0 A 0
0 O 1 N

of size e;.

PRrROOF. As in Example we turn the vector space V into a
K[X]-module, with X acting via the endomorphism «. Since V' is finite-
dimensional, it is finitely generated as a K-module, hence a fortiori also
as a K[X]-module.

Since K is algebraically closed, the irreducible elements of K[X] are
(up to units) the linear polynomials X — A with A € K. By Corollary
3-6] we have

K[X] K[X]

VERRTE e R T e KX
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Note that K[X] is infinite-dimensional as a K-vector space, so we nec-
essarily must have n = 0.
Without loss of generality, we may assume

V = K[X)/(X = N K[X]
for some A € K and e > 0. Consider the elements
vii=(X-N eV je{o,...,e—1}.
Note that the v; form a K-basis of V. The action of o on this basis is
given by
a(v)) =X - (X =N = (X = A £ \(X — \)/
hence
a(v;) = Vi1 + Avj j <e—1
Av; j=e—1
and we see that the matrix of a with respect to this basis is the standard
Jordan block of eigenvalue A\ and size e. O
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Exercises

Exercise 3.1. Let R be a commutative ring and m C R a maximal
ideal. Let M be an R-module. Show that M/mM is a vector space
over R/m. Show that if M is generated by x1,...,z, then M/mM has
dimension at most n over R/m.

Exercise 3.2. Let R be a commutative ring and M an R-module. An
element x € M is called a torsion element if there exists a non-zero
r € R with rx = 0.

Assume that R is an integral domain. Show that the torsion ele-
ments of an R-module M form a submodule of M.

Give an example to show that the condition that R is an integral
domain cannot be dropped.

Exercise 3.3. Let R be an integral domain. Show that the following
are equivalent:

(1) every submodule of a free R-module of finite rank is free of
finite rank,
(2) R is a principal ideal domain.

Exercise 3.4. Let R be a PID and let M be an R-module which can
be generated by n elements. Show that every submodule N C M can
be generated by n elements. Show that the condition that R is a PID
cannot be dropped.

Exercise 3.5. Let R be a PID and let M be a finitely generated R-
module such that for all r € R and x € M we have that rx = 0 implies
r =0 or x = 0. Show that M is free of finite rank.

Exercise 3.6. Let R be a ring and let
0 —M—FE—N —0

be a short exact sequence of R-modules. Assume that M can be gener-
ated by m elements, and that N can be generated by n elements. Show
that E can be generated by m + n elements.

Exercise 3.7. Let R be a PID, and let p; and ps be irreducible elements
with (p1) # (p2). Let e1,e2 be non-negative integers. Show that the
only R-module homomorphism

R/p{'R — R/py*R

is the zero homomorphism.
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Exercise 3.8. Let R be a PID and let p € R be irreducible. Let
e1, s be non-negative integers. Show that there is an isomorphism of
R-modules

Homp(R/p™ R, R/p“R) = R/p°R
with e = min(ey, es).
Exercise 3.9. Describe all Z[i]-modules with at most 10 elements, up
to isomorphism.

Exercise 3.10. Let R be a PID and let p € R be an irreducible element.
Let E be an R-module contained in a short exact sequence

0 — R/pR L5 E % R/pR — 0.

Show that either E = R/pR® R/pR or E = R/p?R, that both options
occur, and that R/pR ® R/pR % R/p*R.

Exercise 3.11 (x). Let
0— A — A — A3 — - — A4, —0

be an exact sequence of finite abelian groups. Show that the equality

[T =1

1

holds.

Exercise 3.12. Let K be a field and let fi,..., f, € K[X] be monic
polynomials. Consider the K|[X]-module

V= K[X]/(f1) & & K[X]/(fa).

Show that the characteristic polynomial of the endomorphism v — X -v
of the K-vector space V' equals [, f;.

Exercise 3.13. Let K be a field and let V be a finite-dimensional
vector space over K. Let a be an endomorphism of V. Assume that
the characteristic polynomial of « is irreducible. Show that there is no
proper non-zero subspace W C V with a(W) C W.

Exercise 3.14. Let K be a field and let V be a finite-dimensional
vector space over K. Let o be an endomorphism of V. Assume that
the characteristic polynomial of « is separable. Show that there are
subspaces Wy, ..., W, of V, such that the following hold:

V=W aWe®- O W,,
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(2) a(W;) C W; for every i,
(3) the characteristic polynomial of oy, is irreducible for every i.

Give an example to show that the condition that the characteristic
polynomial is separable cannot be dropped.

Exercise 3.15 (x%). Let R be a PID. An R-module M is called torsion
if for every x € M there is a non-zero r € R with rx = 0. For a finitely
generated torsion R-module
M=R/Ii&---®R/I}
denote by F(M) the ideal I1I5 - - - Iy. Show that F(M) is independent
of the chosen decomposition. Show that if
00— M — My — M3 — 0

is a short exact sequence of R-modules, and if M7 and M3 are finitely
generated torsion R-modules, then My is a finitely generated torsion

R-module and F(My) = F(M;)F(Ms3).



CHAPTER 4

Categories

1. Definition

Definition 4.1. A category C consists of the data of

(1) a class of objects obC,

(2) for every X,Y € obC a class Hom¢(X,Y)

(3) for every X € obC an element idx € Home (X, X)
(4) for every X,Y,Z € obC a map

HomC(Y7 Z) X HOmc(X,Y) - HOch(X, Z)7 (gaf) = gfa

called composition, subject to the conditions

(C1) for every X,Y,Z,T € obC and for every f € Hom¢(X,Y), g €
Home(Y, Z) and h € Home(Z,T) the identity h(gf) = (hg)f
holds

(C2) for every X,Y € C and for every f € Hom¢(X,Y') the identi-
ties fidxy = f and idy f = f hold.

We often write f: X — Y instead of f € Hom¢(X,Y), and think
of f as being a ‘map from X to Y’. However, the objects X and Y
need not be sets, and expressions such as ‘x € X’ or ‘f(x) € Y’ can be
completely meaningless.

Remark 4.2. The use of the word ‘class’ is to avoid set-theoretical
problems. We want to consider examples such as the category of all
sets, but must be careful to avoid paradoxes. The class of all sets does
not form a set itself, otherwise one could consider the subset of all the
sets that are not contained in itself, leading to Russell’s paradox.

This subtlety in the definition of a category is mostly harmless, and
in almost all applications of categories one can safely pretend the class
of objects form a set. In fact, one can often restrict the objects to a
suitable chosen sub-set of the given class without losing much.

41
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2. Big examples

The notion of a category is modeled on the properties of the col-
lection of all objects of a certain kind (sets, rings, spaces) together
with the collection of all structure-preserving maps (functions, ring ho-
momorphisms, continuous maps) between them. The most important
examples are of this kind.

Example 4.3 (The category of sets). The category Set with ob Set
the class of all sets, Homget(X,Y') the set of all maps from X to Y,
idx the identity map and the usual composition gf := g o f forms a
category.

Example 4.4 (The category of topological spaces). The category Top
with ob Top the class of all topological spaces, Hommop (X, Y') the set of
continuous maps from X to Y and the usual identity and composition
form a category. (Note that the composition of two continuous maps is
continuous!).

Example 4.5 (The categories of left and right R-modules). If R is a
ring, we denote by pRMod the category whose objects are the left R-

modules, and whose morphisms are the R-module homomorphisms. So
for M, N € ob pRMod we have

Hom ,mod (M, N) := Homp (M, N).
Similarly, we denote by Modpg the category of right R-modules.

In the same style as the above examples, we have the category Ring
of rings and ring homomorphisms, the category CRing of commuta-
tive rings and ring homomorphisms, the category Grp of groups and
group homomorphisms, the category Ab of abelian groups and group
homomorphisms, etcetera. Note that in all these examples the objects
of the categories are sets equipped with some extra structure, and the
morphisms are functions that are compatible with the structure. This
is the case for many, but certainly not all, commonly used categories.

3. Small examples

A category is also a mathematical object in its own right, and one
can write down explicit examples by specifying the objects and maps,
in the same way one can specify say a ring by giving its elements, the
addition, and multiplication.
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Example 4.6 (One arrow). Consider the category C consisting of pre-
cisely two objects, X and Y, and with precisely three maps: idy, idy,
and a map f: X — Y. We can render this category in a picture:

idX COLOQ idy
X Y

Example 4.7 (A group as a category). Let G be a group. Con-
sider the category BG with one object x (so obBG = {x}), and with
Hompg(*,*) := G, id, := 1 € G, and where composition is defined by
multiplication in G. Note that axiom (C1) follows from the associa-
tivity of the group operation, and axiom (C2) from the axiom for the
neutral element 1 € G.

Example 4.8 (Discrete category). If S is a set, then S defines a cate-
gory C with obC := S and with

id}y ifz=

for all z,y € S.

Example 4.9 (Pre-ordered set). A pre-ordered set is a set S equipped

with a relation < that is reflexive (z < z) and transitive (z < y and

y < z implies * < z). A pre-ordered set defines a category C with
ob(C := S and with

Home(z,y) := {{*} ?f Ty

0 ifz Ly

where {x} denotes any singleton.

Example 4.10 (The category of matrices). Let R be a ring. Then we
can form a category C with obC :={0,1,2,...}, with

Home(n, m) := Maty, ,(R) := {m X n matrices over R},
and with composition being matrix multiplication
Matm,g X Matg,k — Ma:tm7k7 (B, A) — BA.

The identity element id,: n — n is the n x n identity matrix. Axiom
(C1) corresponds to the associativity of matrix multiplication.
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Definition 4.11. A category is called locally small if for every X and
Y in obC the class Home(X,Y) is a set. It is called small if moreover
the class of objects ob C is itself a set.

Examples 4.12. All the examples in sections [2 and [3] are locally small.
The examples in [3| are in fact small. However, the examples in [2| are
not small, essentially because the class of all sets is not a set.

Finally, we discuss two ways of constructing new categories out
of old ones. The first is the opposite category, which is obtained by
formally reversing all the arrows in a given category:

Definition 4.13. The opposite or dual of a category C is the category
C°P with ob C°P := obC and with

Homeor (X,Y) := Home(Y, X).
Composition is done ‘the other way around’:
Homeor (Y, Z) x Homeor (X,Y) — Homeor (X, Z), (g, f) — fg
where f: Y — X and g: Z — Y and fg: Z — X are maps in C.

Definition 4.14. If C and D are categories, then the product category
C x D is the category whose objects are pairs (X,Y) with X € obC and
Y € ob D, and whose morphisms are pairs of morphisms:

Homeywp((X,Y), (X', Y")) := Home (X, X') x Homp (Y, Y").

In general it makes no sense to ask if a morphism f: X — Y in
a category C is bijective, injective, or surjective. The objects X and
Y are just elements of some class obC, and the morphism f is just an
element of some class Home(X,Y). It makes no sense to talk about
elements of X or Y. However, one can define what it means for f to
be an isomorphism.

Definition 4.15. Let f: X — Y be a morphism in a category C. We
say that f is an isomorphism if there exists a morphism ¢g: ¥ — X
such that fg =idy and gf = idx.

Example 4.16. An isomorphism in Set is a bijection. An isomorphism
in Grp is a group isomorphism. An isomorphism in Top is a homeo-
morphism (note that this is stronger than being a bijective continuous
map!). An isomorphism in the category of matrices (Example is
an invertible square matrix.
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Definition 4.17. We say that objects X and Y in a category are
isomorphic if there exists an isomorphism f: X — Y.

4. Final and cofinal objects

Some categories have special objects, called final and cofinal (also
known as initial) objects.

Definition 4.18. Let C be a category. An object X € ob(C is called
final in C if for every Y € obC there is a unique morphism ¥ — X.

Definition 4.19. Let C be a category. An object X € ob(C is called
initial or cofinal in C if for every Y € obC there is a unique morphism
X =Y.

Examples 4.20. In Top the empty space () is a cofinal object, and a
one-point space {*} is final. In pMod the zero module 0 is both cofinal
and final. In Ring the ring Z is cofinal and the zero ring 0 is final. In
Grp the trivial group {1} is both cofinal and final.

Proposition 4.21. If it exists, a final object in a category C is unique
up to unique isomorphism.

PROOF. Assume X7 and X5 are final. We need to show that there
exists a unique isomorphism f: X7 — Xo.

Since X is final, there exists a map f: X1 — Xo. Since X is final,
there exists a map g: X2 — X;. Consider the composite fg: Xo — Xo.
Since X3 is final, there is a unique map Xo — Xo, so fg = idx,.
Similarly ¢gf = idx,. So we see that f is an isomorphism X; — Xo.

Now assume that there are two isomorphisms fi, fo: X7 — Xo.
Then again, because X5 is final, we must have f; = fo, which shows
that f is unique. O

Like so many statements about categories, this proposition has a
co-proposition:

Proposition 4.22. [f it exists, a cofinal object in a category C is unique
up to unique isomorphism.

PROOF. Reverse the arrows in the proof of Proposition Al-
ternatively, apply Proposition to the opposite category C°P. O
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Exercises

Exercise 4.1 (Automorphism group of an object). Let C be a (locally
small) category and X an object in C. Show that

Aute(X) :={f: X — X | f is an isomorphism}
forms a group under composition.

Exercise 4.2. Let C be a (locally small) category and X and Y objects
in C. Assume that X and Y are isomorphic. Show that Aute¢(X) and
Aute(Y) are isomorphic groups.

Exercise 4.3. Let C be a category. Show that the relation ‘X and Y
are isomorphic’ forms an equivalence relation on ob C.

Exercise 4.4. Let f: X — Y be morphisms in a category C. Show
that if f has both a left and a right inverse, then these must agree. In
particular, f has at most one two-sided inverse.

Exercise 4.5. Let C be a category. Define obC* := obC and
Homex (X,Y) := {f € Hom¢(X,Y) | f is an isomorphism}.

Show that C* (with composition and identity maps inherited from C)
is a category.

Exercise 4.6. Verify that Examples [£.6] and [4.8) are special cases of
Example [4.9]

Exercise 4.7. Show that the category of fields has neither final nor
cofinal object. Show that the category of fields of a given fixed charac-
teristic does have a cofinal object.

Exercise 4.8 (The category of G-sets). Let G be a group. A G-set is
a set S together with a left action of G on S, that is, a map G x S —
S, (g,s) — gs satisfying 1s = s and g(hs) = (gh)s for all g,h € G
and s € S. A morphism of G-sets is a map f: S — T satisfying
f(gs) = gf(s) for every s € S and g € G. The category of G-sets is
denoted oSet.

What are the final and cofinal objects of zSet?

Exercise 4.9 (Homotopy category). Let hTop be the homotopy cat-
egory of topological spaces. Its objects are topological spaces, and its
morphisms are homotopy classes of continuous maps:

Homprop(X,Y) :={f: X = Y | f continuous}/ ~
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(Note that composition is compatible with homotopy, so that composi-
tion in hTop is well-defined). Show that two topological spaces X and
Y are homotopy-equivalent if and only if X and Y are isomorphic in
the category hTop.

Exercise 4.10. Let f: X — Y be a morphism in C. Show that f is an
isomorphism if and only if for all objects T in C the map

Home (T, X) — Home(T,Y), h — fh

is a bijection. (Hint, for the hard direction: use 7' = Y to find a
g: Y — X with fg =idy, and use T'= X to deduce that gf = idx.)

Exercise 4.11. Formulate and prove the co-Exercise of Exercise






CHAPTER 5

Functors

If in order to study groups, modules or topological spaces, one
should study the homomorphisms or continuous maps between them,
then to study categories one should study ‘morphisms of categories’.
Such morphisms of categories are called functors.

1. Definition of a functor

Definition 5.1. Let C and D be categories. A functor F from C to D,
consists of the data of
(1) for every object X in C an object F/(X) in D,
(2) for every morphism f: X — Y in C amorphism F(f): F(X) —
F(Y)in D
subject to the conditions
(F1) for every X in C we have F(idx) = idp(x)
(F2) for every f: X — Y and g: Y — Z in C we have F(gf) =
F(g)F(f).

We will write F': C — D to denote that F' is a functor from C to D.

Note that if F': C — D and G: D — &£ are functors, then the com-
posite GF': C — & defined by (GF)(X) := G(F(X)) and (GF)(f) :=
G(F(f)) is also a functor.

To avoid overloading notation, we will often write FFX and Ff
instead of F'(X) and F(f).

2. Many examples

Example 5.2 (Identity). For every category C there is an identity
functor id¢: C — C with id¢(X) = X and ide(f) = f.

Example 5.3 (Forgetful functors). Let R be a ring. Then we have a
functor

F: RMod — Ab

49
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defined by F(M) := M (as an abelian group) and F(f) := f. An
R-module M is an abelian group equipped with extra structure, and
this functor ‘forgets’ the extra structure. Other examples of forgetful
functors are the obvious functors Top — Set (forgetting the topology),
Ab — Set (forgetting the addition), and Ring — Ab (forgetting the
multiplication).

Example 5.4 (Hom functor). Let C be a category in which the Hom
classes are sets, and let X be an object of C. Then we define a functor
F': C — Set as follows. For an object Y in C we define

F(Y) := Hom¢(X,Y),
and for a morphism f: Y7 — Y5 in C we define
F(f): Home(X,Y7) — Home(X,Y2), g — fg.
One easily checks that F'is a functor. We will denote it by Home (X, —).
Example 5.5 (Abelianization of a group). If G is a group then we
denote by [G, G| its commutator subgroup. This is the subgroup gen-

erated by the elements sts~'t~! with s, € G. It is a normal subgroup,
and the quotient group

G* = /G, G]

is abelian. It is called the abelianization of G. If f: G — H is a group
homomorphism, then f([G,G]) C [H, H|, hence f induces a group ho-
momorphism

fab: Gab N Hab.
Together, these constructions define a functor (—)*: Grp — Ab.

Example 5.6 (Free module). Let R be a ring. For every set I we have
the free module

RU .= {(mi)ig € R | z; = 0 for all but finitely many z} ,

see Example If f: I — Jis a map of sets, then we have an induced
map R — R() determined by requiring that f maps the standard
basis vector e; of RY to the standard basis vector e’f(l.) of RY). This
construction defines a functor Set — pMod.

Example 5.7 (Units in a ring). If f: R — S is a ring homomorphism,
then f restricts to a group homomorphism R* — S§*, and we obtain a
functor Ring — Grp.
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Example 5.8 (The fundamental group of a pointed space). Let Top,
be the category of pointed topological spaces. Objects in Top, are pairs
(X, z) with X a topological space and € X. A morphism from (X, x)
to (Y,y) is a continuous map f: X — Y such that f(z) =y.

Then the fundamental group defines a functor

m1: Top, — Grp.

On the level of objects it is simply defined by mapping a pair (X, z) to
the fundamental group 71 (X, ). On the level of morphisms it is defined
as follows. Let (X, z) and (Y,y) be pointed spaces, and let f: X — Y
be a continuous map such that f(x) =y. Then we defined = (f) by

mi(f): m(X,z) = m(Y,y), [v] = [fon],
where [7] denotes the class of a loop 7: [0,1] — X based at .

Note that the definition of fundamental group requires a base point.
Although for a path-connected space X and points =,y € X the funda-
mental groups 71 (X, z) and m(X,y) are isomorphic, the isomorphism
is not unique, as it depends on the choice of a path.

Example 5.9 (Solutions to polynomial equations). Let fi,..., fm €
Z[Xi,...,X,]. Then we can consider solutions to the system of poly-
nomial equations f1 = fo = --- = f,;, = 0 in arbitrary commutative
rings. Varying the commutative ring, one obtains a functor

F: CRing — Set
defined on the level of objects by
Ros {w= (01, ,am) € R*| fi(2) = fol@) =+ = funlz) = O}.
and on the level of morphisms by
[p: R— 5] = [(z1,...,20) = (@(21), ..., 0(zn))].

Indeed, if ¢: R — S is a ring homomorphism, and if x € R" is a
solution to the system of equations, then also (p(z1),...,p(zy,)) € S™
is a solution to the system of equations.
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Example 5.10 (Commutative diagrams as functors). Let C be the
small category

f Y

with f = hg (and where we omitted id,, id, and id, from the picture).
Let D be any category. Then a functor F': C — D consists of objects
X = F(x), Y := F(y), Z := F(z) together with morphisms F'(f),
F(g) and F'(h) between them, such that F(f) = F(h)F(g). In other
words, a functor F': C — D is the same as a triangular commutative
diagram

X —Y

%

in the category D. With a similar construction, a commutative diagram
in D of any shape can be thought of as a functor from some small
category C to D.

3. Contravariant functors

Definition 5.11. Let C and D be categories. A contravariant functor
from C to D consists of the data of
(1) for every object X in C an object F'(X) in D,
(2) for every morphism f: X — Y in C a morphism F(f): F(Y) —
F(X)in D
subject to the conditions
(F1) for every X in C we have F(idx) = idp(x)
(F2’) for every f: X — Y and ¢g: Y — Z in C we have F(gf) =
F(f)F(g)-

To stress the difference, one sometimes calls an ordinary functor a
covariant functor.

Remark 5.12. The only difference with the notion of a functor is that
F reverses the order of composition. In other words, a contravariant
functor F' from C to D is the same as a functor £': C°? — D.
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To avoid clashing notation, we will reserve the notation F': C — D
for a functor from C to D, and will write F': C°® — D for a contravariant
functor from C to D.

Example 5.13 (Contravariant Hom functor). Let C be a category and
X an object of C. If f: Y] — Y5 is a morphism in C, then we have an
induced map of sets

HomC(}/é?X) — HOHIC(Y&,X), g— gf7

and varying Y we obtain a contravariant functor from C to Set given
by

Home(—, X): C°P — Set, Y — Home (Y, X).
This is a contravariant variation on Example [5.4]

Example 5.14. Another (related) example of a contravariant functor
is the ‘dual vector space’

(=)Y: Vec}¥ — Vecy
which maps a K-vector space V to its dual VV := Homg (V, K) and a
linear map f: V — W to the induced map
YWY VY oo f.
Example 5.15 (Ring of functions on a space). Yet another (related)
example is the functor
C: Top°® — CRing, X — C(X) = {¢: X - R | f continuous},

mapping a topological space X to the ring of continuous R-valued func-
tions on X (with point-wise addition and multiplication). On the level
of maps it is defined as follows: if f: X — Y is continuous, then we
have an induced map

C(f): CY) = CX), oo f,

which is clearly a ring homomorphism.

4. Functors with multiple arguments

It is sometimes useful to consider functors with multiple arguments,
living in various categories. This can easily be formalized using the
notion of product category (see Definition [4.14)). For example, a functor

F:C1XCQ—>D
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assigns to any pair of objects (X1, X2) with X; € obC; an object
F(Xy,X2) in D, and to any pair of morphisms (f1, fo) with f;: X; = Y;
in C; a morphism F(f1, f2): F(X1,X2) — F(Y1,Y2) in D.

This can be combined with the notion of a contravariant functor.

Example 5.16. A typical example is the functor
Hom(—,—): C°" x C — Set,
which can be defined for any locally small category C. If f: X' — X

and g: Y — Y’ are morphisms in C (take note of the directions of the
arrows), then we have an induced morphism

Hom(f,g): Hom(X,Y) — Hompg(X',Y"),

which is given by « — gaf. One says that Hom(—, —) is contravariant
in the first, and covariant in the second argument.
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Exercises

Exercise 5.1. Let C and D be categories, let F': C — D be a functor.
Let f be an isomorphism in C. Show that F'(f) is an isomorphism in D.
Give an example where F(f) is an isomorphism but f is not.

Exercise 5.2. Verify the claims in Example [5.5

Exercise 5.3. For a non-negative integer n we denote by GL,,(R) the
group of invertible n by n matrices with entries in R. In other words,
the group of units in the ring Mat, (R). For example GL;(R) = R*.

Show that GL,, defines a functor from the category of commutative
rings CRing to the category of groups Grp.

Exercise 5.4 (Center is not a functor. .. ). Show that there exist mor-
phisms f: So — S3 and g: S3 — S in Grp with the property that
gf = idg,. Deduce that there is no functor F': Grp — Ab such that
for every group G we have that F'G is isomorphic to the center of G.

Exercise 5.5 (...but it is when we restrict to isomorphisms). Let
Grp™ be the category whose objects are groups, and whose morphisms
are isomorphisms of groups (see also Exercise . Show that there is
a functor Z: Grp™ — Ab” that maps a group G to its center.






CHAPTER 6

Morphisms of functors

1. Morphisms of functors

Definition 6.1. Let C and D be categories, and let F': C — D and
G: C — D be functors. A morphism or natural transformation n from
F to G consists of the data of

(1) for every object X in C a morphism nx: FX — GX in D
subject to the condition
(N1) for every morphism f: X — Y in C the square

rx 2 py

bl

ax 9, qy

in D commutes.
An isomorphism from F to G is a morphism of functors 7 such that nx
is an isomorphism in D for every X in C.

We will write n: F' — G to denote that n is a morphism from the
functor F' to the functor G.

Example 6.2 (double dual). Let K be a field and V' a K-vector-space.
Then we have a natural map
nv:V = VY = Homg (Homg (V, K), K), v — (¢ — ¢(v)).

The word ‘natural’ is usually used in an informal sense, meaning ‘not
depending on the choice of a basis’. But it also has a precise math-
ematical meaning, namely that the collection of maps (ny)y with V
running over all the vector spaces forms a morphism

n: idvec, — (_)vv

from the functor id: Vecx — Veck to the functor (—)VV: Vecyx —
Vecyg.

57
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Example 6.3. Consider the forgetful functor F': Grp — Set. Let n
be an integer. Then we have a morphism of functors n: F' — F defined
by

ng: G— G, g—g".
Note that g — g™ is a morphism of sets, but in general not a morphism
of groups.

Remark 6.4. Note that the world of categories has three layers:
(0) categories
(1) functors between categories
(2) morphisms (natural transformations) between functors

A similar picture arises in topology, where one distinguishes
(0) topological spaces
(1) continuous maps between spaces
(2) homotopies between continuous maps

There is more to this than just an analogy and modern category theory
and algebraic topology are heavily intertwined.

2. Equivalences of categories

Definition 6.5. An functor F': C — D is called an equivalence or
an equivalence of categories if there exists a functor G: D — C and
isomorphisms of functors

e: FG 5 idp, n: GF = ide.

A functor G with this property is called a quasi-inverse of F. If there
exists an equivalence from C to D then C and D are called equivalent
categories.

Remark 6.6. Note that this is formally very similar to the notion of
a homotopy equivalence in topology. See also Remark [6.4]

Equivalent categories tend to be ‘indistinguishable’ from the point
of view of category theory. See Exercise for an example. It is
however often difficult to decide if a functor F' is an equivalence from
the definition, since it can be hard to construct a quasi-inverse functor.
We end this chapter with a powerful criterion for testing if a functor F
is an equivalence.

Definition 6.7. Let F': C — D be a functor. We say that F is
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(1) full if for every X,Y in C the map
Hom¢ (X,Y) - Homp(FX,FY), f— Ff
is surjective;
(2) faithful if for every X,Y in C the map
Hom¢(X,Y) - Homp(FX,FY), f— Ff
is injective;
(3) essentially surjective if for every object Z in D there is an X
in C such that F'X and Z are isomorphic in D.
A functor which is full and faithful is often called fully faithful.

Theorem 6.8. A functor F': C — D is an equivalence of categories if
and only if it is full, faithful and essentially surjective.

We start with two lemmas.

Lemma 6.9. Let H: C — C be a functor, and assume that H is iso-
morphic to the functor ide. Then for all objects X and Y of C the
map
Home(X,Y) — Home(HX,HY), f— Hf
s a bijection.
PROOF. By assumption, there exists an isomorphism ¢: ide — H.
By definition, this means that for all f: X — Y in C the square

X Xy HX
lr
y 24 HY.

commutes. Note that ¢x and ¢y are isomorphisms (since ¢ is an
isomorphism). In particular, we have Hf = gy o fo go)_(l. One can now
check directly that the map

Home(HX, HY) — Home(X,Y), g+ ¢y 0gopx
is a two-sided inverse to the map f +— H f. O
Lemma 6.10. Let
s Ly lLy
be functions. Assume that the compositions Sa and vB are bijections.
Then «, B, and 7y are bijections.
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PROOF. Since S« is surjective, 8 must be surjective. Since v0 is
injective 5 must also be injective. So § is a bijection. But then « and
~ must be bijections too. O

PROOF OF THEOREM [6.8. Assume F is an equivalence of cate-
gories, with quasi-inverse G and isomorphisms

e: FG — idp, n: GF — idc.

Then for every Y in D the object X := GY satisfies FX = FGY 2Y
(via €y), hence F' is essentially surjective.

To see that F'is full and faithful, let X and Y be objects of C and
consider the composition

Home(X,Y) — Homp(F X, FY) - Home (GFX,GFY).

By Lemma this composition is a bijection (since GF 2 id¢). Simi-
larly, the composition

Homp(FX, FY) — Home(GFX,GFY) — Homp(FGFX, FGFY).

is a bijection (since F'G = id¢). But now applying Lemma we
conclude that

Home(X,Y) — Homp(F X, FY)

is a bijection for all X and Y, and hence that F' is full and faithful.

Conversely, assume that F is full, faithful and essentially surjective.
Essential surjectivity means that for every X in D there exists an object
GX in C and an isomorphism ax: F(GX) — X. Using a suitable form
of axiom of choice, we choose such a pair (GX, ax) for every X in D.

We want to make the construction X — GX into a functor (which
will be a quasi-inverse to F'). For this, we need to define for every
f: X =Y amap Gf: GX — GY. Note that the map f induces a
map

ay'fax: F(GX) — F(GY).
But since the functor F' is full and faithful the map
Hom¢(GX,GY) — Homp(F(GX),F(GY)), g+— Fg

is a bijection. Hence there exists a unique g: GX — GY with Fg =
04;,1 fax, and we define Gf := g. One verifies that this G defines indeed
satisfies the axioms for a functor from D to C.
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Finally, to see that G is a quasi-inverse to F', note that the ax define
an isomorphism of functors a: FG — idp. In the other direction, given
an object X in C we define

Bx: GFX — X
to be the pre-image of apx under the bijection
Hom¢(GFX,X) — Homp(FGFX,FX).

Then one verifies that the Sx define an isomorphism of functors GF' —
id¢, and we conclude that F' is an equivalence of categories. O

Example 6.11. Let K be a field, let FVeck be the category of finite-
dimensional K-vector spaces. Let C be the category of matrices over
K, see Example [1.10] Consider the functor

F:C — FVecgk
that maps an object n of C to the vector space K™ and a matrix
A € Home(n, m) = Mat, ,(K)

to the corresponding linear map K" — K™. We claim that F' is an
equivalence of categories.

Indeed, using Theorem it suffices to observe that the functor
is essentially surjective, since every finite-dimensional vector space is
isomorphic to K™ for some n, and that the functor is full and faithful,
since for every m and n the map

Mat,, »(K) = Hompg (K", K™)

is a bijection.

Note that C and FVecg are not isomorphic as categories. The
category FVecgk is much bigger than C since for every n there are
infinitely many n-dimensional vector spaces (all isomorphic, but not
equal). In fact, C is a small category, whereas FVecy is not.
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Exercises

Exercise 6.1. Let n7: idap — idap be a morphism of functors. Show
that there is an integer n such that for every A € ob Ab and for every
x € A the identity n4(z) = nz holds.

Exercise 6.2. Show that taking determinants defines a morphism
det: GL,, — G
between functors from CRing to Grp. (See Exercise [5.3).

Exercise 6.3. Let G and H be groups, and BG and BH the corre-
sponding one-object categories (see Example . Show that a functor
F': BG — BH is the same as a group homomorphism f: G — H, and
a morphism of functors n: F; — F5 is the same as an element h € H
such that hfi(g)h~! = fa(g) for all g € G.

Exercise 6.4. Let R be a ring. Recall that the center of a ring is the
subring
Z(R)={z€ R | zr =rzfor all r € R}.
Denote by C the category of left R-modules.
(1) Let z € Z(R). Show that n,p: M — M,  — zx defines a
morphism of functors 7, : id¢ — id¢.
(2) Let n: id¢ — ide be a morphism of functors. Show that there
isa z € Z(R) with n = n,.

Exercise 6.5. Show that there are precisely two morphisms of functors
idgrp — idGrp-

Exercise 6.6. Consider categories and functors as in the following
diagram:

Fy
¢~ 'p_CY.,¢
\F_j
1

Let n: Fy — F1 be a morphism of functors. Construct a morphism of
functors GFy — GF3.

Exercise 6.7 (Equivalence is an equivalence relation). Let F': C — D
and G: D — & be equivalences of categories. Show that GF': C — & is
an equivalence of categories.

Exercise 6.8. Let F': C — D be a full and faithful functor. Let X and
Y be objects in C.
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(1) Let f: X — Y be a morphism. Show that f is an isomorphism
if and only if F'f is an isomorphism.

(2) Show that X and Y are isomorphic if and only if X and FY
are isomorphic.

Exercise 6.9. For a category C, we denote by [C| the class of isomor-
phism classes of objects in C. Let F': C — D be a functor. Show that
F induces a map [F]: [C] — [D]. Show that if F' is fully faithful, then
[F] is injective, and if F' is essentially surjective, then [F] is surjective.

Exercise 6.10. Let C be a non-empty locally small category in which
all objects are isomorphic and in which every morphism is an isomor-
phism. Show that there is a group G and an equivalence of categories
BG — C.

Exercise 6.11 (Fundamental groupoid). Let X be a topological space.
Let IT;(X) be the category with

(1) objects: obIl;(X) =X

(2) morphisms: Homyy, (x)(z,y) the set of homotopy classes of
paths from z to y

(3) composition: composition of paths

Verify that this indeed defines a category. It is called the fundamental
groupoid of X.

Assume that X is path connected, and let z € X. Show that IT; (X)
is equivalent with the category Bm (X, x). (See Example .

Exercise 6.12. Give for every n € N a category C, so that C, has
exactly n objects, and all the C,, are equivalent.

Exercise 6.13. Let F': C — D be an equivalence of categories. Show
that C has a final object if and only if D has a final object.

Exercise 6.14. Let R and S be rings. Show that the categories
rMod x sMod and gxsMod are equivalent.

Exercise 6.15 (Morita equivalence (x)). Let R be a ring and n a
positive integer. If M is an R-module, then we can consider elements
of M™ as length n column matrices with entries in M. In this way, we
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have an action

I I

T2 xI9
Mat,(R) x M"™ — M™ (A, | ~|)—A-| .

Tn Tn

This makes M™ into a left Mat,, (R)-module. Verify that this defines a
functor
rMod — Matn(R)MOCL M — M".

Show that this functor is an equivalence of categories.

Exercise 6.16 (Abelianized fundamental group without base point
(%x)). Let C be the category of path connected topological spaces. Let
P be the functor from Top, to C that maps a pair (X, z) the the path
component of x € X. Show that there is a functor F': C — Ab and an
isomorphism between the functors

7% Top, — Ab, (X,z) — 7 (X, z)*"

and F'o P. Bonus question: show that there is no functor F': C — Grp
and an isomorphism between F' o P and .



CHAPTER 7

Tensor product

1. Tensor product of a right and a left module

Definition 7.1. Let R be a ring, M a right R-module, and N a left
R-module. Let A be an abelian group. A map

fiMxN—A

is said to be R-bilinear if for all x,x1,20 € M, y,y1,y2 € N and r € R
the following hold:

(1) f(z1 +x2,y) = f(x1,y) + f(22,¥)
(2) f(z,y1 +y2) = f(z,y1) + f(z,92)
(3) flar,y) = f(x,ry)

Remark 7.2. These conditions imply that moreover

(4) f(x,0) =0, and
(5) f(0,y)=0

hold for all z € M and y € N. See Exercise [7.1

Note that if f: M x N — A is bilinear, and h: A — B is a homo-
morphism of abelian groups, then the composition hf: M x N — B
is also a bilinear map. The following theorem states that there is a
‘universal’ bilinear map, from which all others can be obtained by a
unique composition with a homomorphism of abelian groups.

Theorem 7.3. Let R be a ring, M a right R-module and N a left
R-module. Then there exists an abelian group T and an R-bilinear map

g:MxN—>T

65
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such that for every abelian group A and every R-bilinear map f: M x
N — A there is a unique group homomorphism h: T — A with f = hg:

MxN;iﬁT

I
A

Moreover, the pair (T, g) is unique up to unique isomorphism in the
following sense: if both (Th,g1) and (Ts, g2) satisfy the above property,
then there is a unique isomorphism h: Ty — Ts such that g2 = hg; .

Definition 7.4. We will call the abelian group 7' (unique up to unique
isomorphism) the tensor product of M and N, and denote it by M ®p
N :=T. Forx € M and y € N we denote the image of (z,y) in MQr N

by z®y := g(z,y).

PROOF OF THEOREM [Z.3] Uniqueness. This is purely formal: ev-
erything defined by a universal property is unique up to unique iso-
morphism, by an argument that is basically the same as the proof of
Proposition [4.21} Assume (71, g1) and (I%, g2) both satisfy the required
property. Since g1: M x N — T3 is bilinear there is a unique map
hy: Ty — Ty with g1 = h1g2. Reversing the roles of T7 and 15, we get
a unique map hs: T3 — T5. Moreover, both the compositions hiho and
hohi must be the identity, so we conclude that h; is an isomorphism.

Existence. This part is certainly not formal! The proof is a bit
messy, but in a way very natural: we just construct an abelian group
T (and a map g) with all the desired properties built-in.

Let F := ZM*N) he the free Z-module on the set M x N. Given
an element (v,y) € M x N, we denote by e, ,y € ZMxN) the corre-
sponding basis vector, see There is a canonical map of sets

M x N = F, (2,9) = €(z4)-

This map has no reason to be bilinear. We will force it to become
bilinear by dividing out the necessary relations. Let G C F' be the
subgroup generated by the elements

Cx1tm2,y) — Clzry) — Clz2,y)
Clzy1ty2) ~ Ezu) — C(zw2)

Clary) ~ Elary)
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for all z1,2x9,x € M and y1,y2,y € N and r € R. Let T be the quotient
group F/G, and consider the composition

MxN— F

X‘ l

T

Then the map ¢ is bilinear by construction.
We now show that (7, g) is a tensor product. Let f: M x N — A
be a billinear map. Then there is a unique homomorphism f': F' — A,
which sends the basis vector e(, . to f(z,y), see Proposition Since
f is bilinear, we have that f’ vanishes on all the generators of G, and
therefore that f(G) = 0. Hence f’ induces a homomorphism h: T'— A
with f = hg. To see that a map h with this property is unique, note

that T is generated by the images of the elements (z,y) € M x N, and
that h must send the image of (z,y) to f(z,y). O

Remark 7.5. In practice it is often easier not to use the actual con-
struction of the tensor product in the proof of Theorem but only
the defining universal property in the statement of Theorem to-
gether with the fact that the the tensor product is generated by the
elements of the form z ® y with x € M and y € N.

Remark 7.6. Elements of M ®gr N are finite sums of elements of the
form x ® y, but these are not independent. In fact, the map

MxN—M®grN, (z,y) xRy

is R-bilinear (by definition of the tensor product), so that for all z, x1, x9 €
M, y,y1,y2 € N and r € R the identities
(71 +22) @y =(21QY)+ (z2®Y)
T® (y1+y2) = (@y1) + (z @ y2)
(zr) @y =2 ® (ry)
z®0=0
O®y=0
hold in M ®pr N.

We end this section with a few examples of tensor products.
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Example 7.7. Let M be a right R-module, then we claim M @ {0} =
{0}. Indeed, the tensor product is generated as an abelian group by
the elements z ® 0, but these all are equal to 0 in M ®@p {0}.

Example 7.8. We claim that for any left R-module M there is a unique
isomorphism
f:RRM S M
satisfying
TR T —re.

Indeed, the map R x M — M, (r,z) — rz is R-bilinear, and hence
induces an R-linear homomorphism f: R®@r M — M with f(r®z) =
rz. Conversely, the map M — R®pr M given by z +— 1® x is R-linear,
and is a two-sided inverse to the map f.

Of course, in the same way one can produce an isomorhpism

M®@rRS M, z@r— ar
for every right R-module M.

Example 7.9. The tensor product of two non-zero modules can be
zero. For example, we have

(Z/2Z) @7 (Z/3Z) = 0.

Indeed, the tensor product is generated by elements of the form x ® y
with x € Z/2Z and y € Z/3Z. But since 3z = z for all x € Z/2Z we
find

r@y=0Br)y=r® 3y)=220=0.
Similarly we have (Z/nZ) ®z (Z/mZ) = 0 whenever n and m are co-
prime. See also Exercise [7.3]

2. Tensor products and bimodules

In many cases, the tensor product of two modules is not just an
abelian group, but itself again a module.

Definition 7.10. Let R and S be rings. An (R, S)-bimodule is an
abelian group M equipped with operations
Rx M — M, (r,x) —rx

and
MxS— M, (x,s)—xs
such that
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(B1) the first operation makes M into a left R-module
(B2) the second operation makes M into a right S-module
(B3) for all r € R, s € S and = € M the identity r(zs) = (rx)s
holds in M.
A map f: M — N is called a morphism of (R, S)-bimodules if it is both

a morphism of left R-modules and a morphism of right S-modules. We
denote the category of (R, S)-bimodules by RMods.

Because of axiom (B3), we can simply write rxs for r(xzs) = (rz)s,
and we will frequently describe the structure of an (R, .S)-bimodule by
the map

Rx M xS — M, (r,z,s) — rzs,

simultaneously encoding the left and right module structures.

Example 7.11. An abelian group A has a unique structure of (Z, Z)-
bimodule, which is given by nam := (nm)a for all n,m € Z and a € A.
It follows that a (Z, Z)-bimodule is the same thing as an abelian group.
Similarly, an (R, Z)-bimodule is the same as a left R-module, and a
(Z, R)-bimodule is the same as a right R-module.

Example 7.12. R be a commutative ring and M an R-module. Then
M also is an (R, R)-bimodule by setting

rrs = rsr
forall r,s € Rand z € M.

Example 7.13. Let R be a ring and n a non-negative integer. Then
R™ becomes an (R, R)-bimodule with

r(z1,...,Tn)s = (ra1s, ..., re,s).

Example 7.14. Let R be a commutative ring and n and m non-
negative integers. Then the additive group M = Mat,, »(R) of n by m
matrices is a (Mat,,(R), Mat,,(R))-bimodule where for A € Mat, (R),
B € Mat,,(R) and X € M the element AX B of M is defined by matrix
multiplication.

Example 7.15. Let M a left S-module and N be a left R-module.
Consider the group Hom(M, N) of homomorphisms of abelian groups.
This group carries a natural structure of (R, S)-bimodule with

rfs:=[M — N, z — rf(sz)]
for all r € R, f € Hom(M,N) and s € S.
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Proposition 7.16. Let R, S, and T be rings. Let M be an (R, S)-
bimodule, and let N be an (S,T)-bimodule. Then the tensor product
M ®g N has a unique structure of an (R, T)-bimodule satisfying

r(z @yt = (rz) @ (yt)
forallre R, x e M,ye N andteT.

If R is a commutative ring then any R-module is canonically an
(R, R)-bimodule, and we find that the tensor product of two R-modules
over R is naturally an R-module. When dealing with commutative
rings, there is no essential distinction between left and right modules,

and we will usually treat the tensor product as an operation that pro-
duces a left R-module out of two left R-modules.

3. Tensor product as a functor

Let R be a ring and let f: My — M be a morphism of right R-
modules, and let g: N1 — Ny be a morphism of left R-modules. Then
the map

My x Ny = My ®g No, (z,y) — f(z) ® g(y)

is R-bilinear. Hence, by the universal property of the tensor product,
there exists a unique homomorphism of abelian groups

f®g: My ®r N1 — My ®p No

that maps an element z ® y to f(z) ® g(y). This upgrades the tensor
product from being just a construction on pairs of modules to a functor

— ®r —: Modr x RpMod — Ab.
Similarly, if R, S and T are rings, then we have a functor
— ®s —: RModg x sModr — gModr.
Proposition 7.17. Let R be a ring and let N be a left R-module. If

(4) M1L>MQL>M3—>O
is an exact sequence of right R-modules, then the induced sequence
(5) M1®RN@M2®RN@M3®RN—>O

of abelian groups is exact. Similarly, if

N1—>N2—>N3—>0
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s an exact sequence of left R-modules, and M a right R-module, then
the induced sequence

M®rN1 — M Qg No — M ®r N3 — 0
18 exact.

The functor — ®g N in general does not preserve short exact se-

quences: even if
0— M — My — M3 —0

is a short exact sequence, then we only obtain a partial exact sequence
M ®r N —> My®r N = Ms®r N — 0.
See Exercise [Z.15l
PROOF OF PROPOSITION [L. 17 For all x € M7 and y € N we have

gf(x) ®y =0, hence im(f ® id) C ker(g ® id). In particular, we have
an induced map
. Mo ®pr N

(6) Cim(f ®1id)
To show that the sequence is exact, it suffices to show that the
above map is an isomorphism. We will verify this by constructing an
inverse map.

For every x € Ms choose an 2’ € My with g(2’) = x (note that g is
surjective). We define a map

My @p N
My x N —» 2R 2 R ,
im(f ®1id)

This is well-defined, since if 2" is another element with g(z”) = z, then
(@" @y — (@' ®y) = (" -2 )@y € im(f ®id),
using the exactness of the original sequence . Moreover, the map is

bilinear, so it induces a homomorphism

My ®@r N
M N—» —
3R im(f ©id)

and one verifies that this is a two-sided inverse to the map . O

— M3 ®p N.

(z,y) = 2 @y.

Example 7.18. Proposition [7.17] can be a powerful tool in computing
tensor products. As an example, let us use it to compute M ®z (Z/nZ)
for any Z-module M. We have an exact sequence

Z- 7 —Z/nZ—0
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of Z-modules, which induces an exact sequence
Z &z M "8 7.0y M —s Z/nZ @z M — 0.

We have Z®z M = M (see Example , and the above exact sequence
is isomorphic with the exact sequence

M2 M — Z/nZ @7 M — 0,
from which we conclude that Z/nZ ®yz M is isomorphic with M /nM.

4. The adjunction

Let R and S be rings. If N is an (R, S)-bimodule, and P a right
S-module, then Homg(N, P) is naturally a right R-module, with the
action of R defined by:

fr: N — P,z — f(rzx).
See Exercise [T.0l

Theorem 7.19 (Tensor-Hom adjunction). Let R and S be rings. Let
M be a right R-module, N an (R, S)-bimodule, and P be a right S-
module. Then the map of abelian groups

Homg(M ®gr N, P) - Homp(M,Homg (N, P))
given by
fre(z= (Y~ flzoy))
18 an isomorphism.

Remark 7.20. The Homp and Homg in the theorem denote the set of
homomorphisms in the categories of right R- and S-modules.

PRrROOF OF THEOREM [.19] Given an R-linear map f: M — Homg (N, P)
we obtain a map

M x N = P, (z,y) = f(z)(y)
which is R-bilinear, hence it defines a homomorphism
f""M®rN—P
with the property that it maps z ® y to f(z)(y). This map is S-linear.
This construction defines a homomorphism
Hompg (M, Homg (N, P)) — Homg(M ®g N, P), f — f.

We leave it to the reader to verify that this is a two-sided inverse to the
map in the theorem. O
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Remark 7.21. There is completely analogous theorem about tensoring
on the left with a fixed (S, R)-bimodule N. It gives an isomorphism
Homg(N ®r M, P) - Homp(M,Homg (N, P))

where M is a left R-module and P a left S-module. In this version,
Homg and Hompg denote the sets of homomorphisms in the categories

of left S- and R-modules.
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Exercises

Exercise 7.1. Prove that if f: M xN — Ais R-bilinear, then f(z,0) =
0 for all z € M and f(0,y) =0 for all y € N.

Exercise 7.2. Let R be a ring, let M be a left R-module and let n be
a non-negative integer.

(1) Show that the map R™ x M — M™ given by
((riy...,rn),x) = (r1z, ..., rT)
is R-bilinear.
(2) Show that the above map is universal, and conclude that R"®p
M =M™
Exercise 7.3. Let n and m be positive integers with greatest common
divisor d. Show that
(1) (Z/nZ) @z (Z/mZ) = Z/dZ;
(2) Q@z (Z/mZ) = 0;
3) QezQ=Q.
Exercise 7.4. Let K be a field and R := Mat,,(K) the ring of n by n
matrices. Let M = K™ be the right R-module of length n row vectors,

and N = K" the left R-module of length n column vectors. Show that
the abelian group M ®gr N is isomorphic to K.

Exercise 7.5. Let R be a commutative ring and f, g € R. Show that
R/(f) ®r R/(g9) = R/(f,9)

as R-modules.

Exercise 7.6. Let R be a ring, let I C R be a (two-sided) ideal and
let M be a left R-module. Show that (R/I) ® g M is isomorphic to
M/IM.

Exercise 7.7. Let R be a commutative ring. Show that the functors
rMod x pMod — rMod given by (M,N) +— M ®r N and (M, N) —
(N ®pr M) are isomorphic.

Exercise 7.8. Verify that the bimodule in Example indeed satisfies

the bimodule axioms.

Exercise 7.9. Let R and S be rings. Let M be a left R-module and
N an (R, S)-bimodule. Show that Hompg(M, N) is naturally a right
S-module and that Hompg (N, M) is naturally a left S-module.
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Exercise 7.10. Let R be a ring and let My, M> be right R-modules
and N a left R-module. Show that there is a unique isomorphism

(My ® M) @g N — (M ®r N) @ (Mz ®r N)
such that
() @z (zR 2,y 2)
forallz € My, y € My and z € N.

Exercise 7.11. Let R and S be rings, let M; be a right R-module,
My an (R, S)-bimodule, and M3 a left S-module. Show that there is a
unique isomorphism

(M @p M) @5 M3 — My @p (Ms ®@g Ms)

such that
(zRY)Rz— 20 (Y 2)
for all x € My, y € M3 and z € Ms.

Exercise 7.12. Let R be an integral domain with fraction field K. Let
M be an R-module. Show that every element of K ® p M is of the form
A®@x with A € K and z € M.

Exercise 7.13. Let R be a ring, M a right and N a left R-module.
Show that there is a surjective morphism of abelian groups

M®zN —- M®pN
which maps z® y to z ®@ y.

Exercise 7.14. Let R, S, T be rings. Let M be an (R, S)-bimodule and
N an (S,T)-bimodule. Let P be an (R, T)-bimodule and let f: M X
N — P be an S-bilinear map. Let h: M ®g N — P be the unique
additive map such that h(z ® y) = f(z,y) for all z € M, y € N.

(1) show that h is a homomorphism of (R,T')-bimodules if and
only if the bilinear map f satisfies f(rx,y) = rf(z,y) and
flx,yt) = f(z,y)tforallz e M, ye N,r€ Rand t € T.

(2) conclude that the map M x N — M ®g N is universal amongst
bilinear maps f: M x N — P to (R, T)-bimodules satisfying
the identities in (1).

Exercise 7.15. Consider the short exact sequence of Z-modules

0—Z 57— 7/2Z — 0.
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Show that the sequence obtained by applying the functor — ®yz Z/2Z
is not exact.

Exercise 7.16. Let R be a ring and let 0 — M; — My — M3 — 0
be a short exact sequence of right R-modules. Let N be a free left
R-module. Show that the induced sequence

0> M ®r N —-> Ma®@®r N - Ms®r N — 0
is a short exact sequence.

Exercise 7.17. Let R be a ring and let 0 — M; — My — M3 — 0
be a split short exact sequence of right R-modules. Let N be a left
R-module. Show that the induced sequence

0—> M N — MyR@Rr N = M3®r N —0
is a short exact sequence.
Exercise 7.18. Let R be a principal ideal domain and let
M=R"®R/pSR®--- & R/p"R
be a finitely generated R-module (with the notation of Corollary .

(1) Let K be the fraction field of R. Compute dimg (K @r M).
(2) Let p € R be irreducible. Compute dimp/,z(R/pR @r M).
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Adjoint functors

1. Adjoint pairs of functors

Definition 8.1. Let F': C — D and G: D — C be functors between
locally small categories. An adjunction between F' and G is an isomor-
phism
a: Homp(F(-),—) — Home(—,G(-))

of functors C°P? x D — Set (see Example [5.16)). If such an adjunction
exists, we say F' is left adjoint to G, and G is right adjoint to F'.

In other words, an adjunction from F' to G consists of the data of
a bijection
(7) axy: Homp(FX,Y) -~ Home(X,GY),
for every X in C and Y in D, such that for every f: X; — Xy the
square

Homp(FX1,Y) 2% Home (X, GY)

_op,f —ofT

Homp(FX2,Y) 2% Home(Xs, GY)

commutes, and for every g: Y1 — Y5 the square

ax,v,
Homp(FX,Y;) —— Home(X,GY1)

lgo_ lcgo_

ax,Yy
HomD(FX, Yg) — Homc(X, GYg)
commutes.

Remark 8.2. The terminology comes from an analogy with linear al-
gebra: if V' and W are vector spaces equipped with inner products,

77
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then linear maps f: V — W and g: W — V are called adjoint if we
have

(f(v), w)w = (v, g(w))v

forallve V and we W.

Assume that F': C — D is a left adjoint of G: D — C, with an
adjunction a. Taking Y = F'X in ([7]), we obtain a bijection

ax rx: Homp(FX,FX) — Home(X,GFX).
The image of idpx under this map gives a map
nx: X - GFX

in C. Using the fact that « is a morphism of functors, one shows that
the nx form a morphism of functors

n:id¢ = GF.
Similarly, taking X = GY in we obtain a morphism of functors
e: G — idp.
The morphisms of functors n and € are called the unit and co-unit of
the adjunction between F' and G.
2. Many examples

The main reason that adjunctions between functors are interesting,
is that they are ubiquitous: they arise surprisingly often in multiple
branches of mathematics. Here is a short list of examples.

Example 8.3 (Cartesian product and set of maps). Fix a set A. Then
for all sets X and Y we we have a canonical bijection

axy: Hom(X x A,Y) = Hom(X,Hom(A4,Y))
given by mapping a function f: X x A — Y to the function
X - Hom(A,Y), z+— (a— f(z,a)).
An inverse is given by mapping a function g: X — Hom(A,Y") to
X xA=Y, (x,a) — g(z)(a).
It is easy to check that « defines an adjunction, making the functor

Set —» Set, X — X x A
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into a left adjoint to the functor
Set — Set, Y — Hom(A,Y).
The unit 7: id — Hom(A, — x A) of this adjunction is given by
nx: X — Hom(A, X x A), x — (a+— (z,a))
and the co-unit e: Hom(A,—) x A — id is given by
ex: Hom(A, X) x A — X, (f,a) — f(a).
Example 8.4 (Tensor product and Hom). This is a variation on the

previous example. Let R and S be rings, and let A be an (R,S)-
bimodule. Then the functor

Modgr — Modg, M — M ®pr A
is left adjoint to the functor
Modgs — Modpg, N — Homg(A, N),
which comes down to the functorial isomorphism
ayn: Homg(M @p A, N) — Hompg(M, Homg (A, N))
of Theorem [T.19

Example 8.5 (Free module and forgetful functor). Let R be a ring.
Let M be an R-module and let RY) be the free R-module on a set I
(see Example . Then we have a canonical map

ar: Hom nea(RY, M) — Homger (I, M),

given by restricting a module homomorphism ¢: RY) — M to the
standard basis {e;: i € I}. This map is a bijection, since a module
homomorphism RY) — M is uniquely determined by the images of the
basis vectors e;, and conversely, given a map of sets f: I — M we
obtain an R-module homomorphism

R([) — M, Znei —> Zﬁf(l)
iel iel
This is just a reformulation of the familiar fact from linear algebra: to
give a linear map from V to W is the same as to give the images of the

vectors in a basis of V.
If we denote by

G: RpMod — Set, M — M
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the forgetful functor (see Example and by
F: Set — zMod, I — RY
the free module functor, then « defines a bijection
arm: Hompnmod(FI, M) — Homget (I, GM),

and one can verify directly that this defines an adjunction, making the
free module functor F' into a left adjoint to the forgetful functor G.
The unit of this adjunction is the morphism 7n: id — GF' given by the
function

ni: I — RY i e,

for every set 1.

Example 8.6 (Discrete topology, forgetful functor, trivial topology).
Any function from a discrete topological space is automatically contin-
uous. Likewise, any function to a trivial topological space is automati-
cally continuous. That is, we have

Homop (Xaise, Y) = Homget (X, Y)
and
Homget(X,Y) = Hommop (X, Yiriv),
and we see that the discrete topology functor
Set — Top, X — Xgisc

is left adjoint to the forgetful functor Top — Set, and that the trivial
topology functor

Set — Top, Y — Yiiy
is right adjoint to the forgetful functor.

Example 8.7 (Frobenius reciprocity). Let k be a field, let G be a
group and let H C G be a subgroup. Then Frobenius reciprocity gives
for every k-linear representation V of H and W of G a canonical iso-
morphism

Homyg(Ind§; V, W) 5 Homy g (V, Resf; W),

which makes the functor Ind% into a left adjoint to Res%.
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3. Yoneda and uniqueness of adjoints

Let C be a locally small category. If X is an object in C, then we
have a functor
hx = Hom¢(—, X): C°? — Set,
see also [5.13] Now the functors from C°P to Set form themselves the
objects of a category Fun(C°P, Set), in which the morphisms are the
morphisms of functors. We obtain a functor

h:C — Fun(C°,Set), X — hx

On the level of morphisms it is given by sending a map f: X — Y to
the natural transformation hy: hy — hy given by

hyr: Home(T, X) — Home(T,Y), g — fg
for every T in C.
Theorem 8.8 (Yoneda’s Lemma). The functor
C — Fun(C°?,Set), X — hx
18 fully faithful.

PROOF. In other words, we need to show that for all pairs of objects
X, Y in C the map

(8) Home (X,Y) — Hompun(cor,set) (hx, hy), f + hy

is a bijection.

We show this by constructing an inverse bijection. Let ¢: hx —
hy be a morphism of functors. Then for every T we have a map
or: hx(T) — hy(T), and in particular, taking 7' = X, we have a
map

¢x: Home (X, X) — Home(X,Y)

and the image of idx defines an element ¢ x(idx) in Home(X,Y). We
obtain a map

(9)  Hompun(con set) (hix, hy) = Home(X,Y), ¢ = px (idx).

Using the definition of hy, we see that for a morphism f: X — Y
we have

and hence that the composition of followed by @D is the identity on
Home(X,Y).
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To see that the other composition is the identity, let ¢: hx — hy
be a morphism of functors. Under @ it is mapped to ¢x (idx), which
in turn under is mapped to hy (idy)- To see that the morphisms
of functors ¢ and h (i4y) coincide, it suffice to verify that for all 7" in
C the maps h, (idy),r and @7 from hx(T) = Hom(T, X) to hy(T) =
Hom(T',Y") coincide.

So let g € Hom(7T', X). We have

hey (idx).r(9) = x(idx) o g.

Since ¢ is a morphism of functors, the square

Home (X, X) —2 Home(X,Y)

|-es |-

Home (T, X) —2 Home(T,Y)

commutes. Tracing the element id x under the two paths from Hom¢ (X, X)
to Home(T,Y') we find

px(idx) o g = vr(9)
and hence

hey ax).r(9) = ¢1(9),
as we had to show. O

Remark 8.9. There is something quite striking in the proof. The
inverse bijection ¢ +— ¢x(idx) proceeds by first removing from the
morphism of functors ¢ = (pr)r all components except for the one
at T'= X, and then restricting the remaining function ¢x to just the
element idx of Hom(X, X). Yet, despite this apparent massive loss of
information, ¢ — ¢x(idx) is a bijection, so that ¢ can be completely
recovered from px (idx).

Corollary 8.10. If hx and hy are isomorphic functors, then X and
Y are isomorphic objects in C.

PROOF. See Exercise O

Corollary 8.11 (Uniqueness of right adjoints). If both G1: D — C and
Go: D — C are right adjoints to a functor F': C — D, then G1 and Go
are isomorphic functors.



3. YONEDA AND UNIQUENESS OF ADJOINTS 83

PRrROOF. Choose adjunctions between F' and GG1 and between F' and
G9. Then we obtain isomorphisms

Home(X,G1Y) <— Homp(FX,Y) — Home(X, GoY),

functorial in X and Y. Composing these, we find for all X in C and Y
in D an isomorphism

Home (X, G1Y) — Home (X, GoY).
Functoriality in X implies that for every Y in D we find an isomorphism
Hom¢(—, G1Y) — Home(—, G2Y)

of functors C°? — Set, which by Yoneda’s Lemma and Exercise
comes from a unique isomorphism

Yy - G1Y L) GQY

in C. Functoriality in Y implies that the collection (7yy )y defines an
isomorphism of functors

v: G = Gy
which finishes the proof. O

There is (of course) a dual of Yoneda’s lemma. Given an object X
in C, consider the functor

hX := Home(X, —): C — Set.
We have a functor
C°P — Fun(C, Set), X — h™

On the level of morphisms it is given by sending a map f: X — Y to
the natural transformation h/: hY — h¥ given by

h;: Home (Y, T) — Home (X, T), g — gf
for every T in C.
Theorem 8.12 (co-Yoneda’s Lemma). The functor
C°P — Fun(C,Set), X — h¥
is fully faithful. O

Corollary 8.13 (Uniqueness of left adjoints). If both Fy: C — D and
Fy: C — D are left adjoints to a functor G: D — C, then Fy and F»
are isomorphic functors. O
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Exercises

Exercise 8.1. Verify that the unit 1 and the co-unit € of an adjunction
are indeed morphisms of functors.

Exercise 8.2. Let F': C — D be an equivalence with quasi-inverse
G: D — C. Show that F'is both left and right adjoint to G.

Exercise 8.3. Show that the abelianization functor G +— G2 (see
Example is a left adjoint to the inclusion functor Ab — Grp.
What are the unit and co-unit of this adjunction?

Exercise 8.4. Let R be the category with ob’/R = R and

for all z,y € R (see also Example . Let Z be the full subcategory
with ob Z = Z and let F': Z — R be the inclusion functor. Does this
functor have a left adjoint? And a right adjoint?

Exercise 8.5. Assume F': C; — Cs is left adjoint to G: Co — C; and
F': Cy — C3 is left adjoint to G': C3 — Cy. Show that F'F is left
adjoint to GG'.

Exercise 8.6. Let {*} be the ‘one-point category’ consisting of a unique
object x and a unique morphism id,. Let C be an arbitrary category.
When does the (unique) functor C — {*} have a left adjoint? And a
right adjoint?

Exercise 8.7. For a set I denote by Z[X; | i € I] the polynomial ring
in variables (X;) indexed by I. Elements of Z[X; | i € I] are finite
Z-linear combinations of monomials in finitely many of the variables.
Verify that I — Z[X; | i € I] defines a functor Set — CRing which is
left adjoint to the forgetful functor CRing — Set.

Exercise 8.8. Let F': C — D be left adjoint to G: D — C. Let X be
a cofinal object in C, show that F'.X is cofinal in D. Similarly, if YV is
final in D, show that GY is final in C. (Compare with Exercise [6.13]).

Exercise 8.9. Show that the forgetful functor Top, — Top has a left
adjoint but not a right adjoint.

Exercise 8.10. Look up the definition of Stone-Cech compactification,
and verify that it gives a left adjoint to the inclusion functor from the
category of compact Hausdorff spaces to Top.
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Exercise 8.11. Let G be a group and let R be a ring. Show that
restriction defines a bijection between the sets of

(1) ring homomorphisms f: Z[|G|] - R

(2) group homomorphisms G — R*.
Interpret this bijection as an adjunction between functors between the
categories of groups and rings.

Exercise 8.12 (Triangle identities (x)). Let F': C — D be a left adjoint
to G: D — C, with unit n: id¢ — GF and co-unit €: FG — idp. Show
that the diagrams

FX % paFX Gy Y, GFGY
N lEFX k lGEY
FX )%

commute for every X in C and Y in D. Conversely, assume that F': C —
D and G: D — C are functors, and that n: id¢ — GF and ¢: FG — idp
are morphisms of functors for which the above triangles commute. Show
that F' and G form an adjoint pair of functors.

Exercise 8.13. A functor F': C°P — Set is called representable if there
exists an object X in C with hx = F. We say that F' is represented by
X. Show that C has a final object if and only if the constant functor
C°? — Set, T+~ {*} is representable.

Exercise 8.14. Let M be a right R-module and N a left R-module.
Describe a functor F': Ab°® — Set which is represented by the abelian
group M ®p N. Use this to verify that if R is commutative, then
MrpN=N®rM.

Exercise 8.15. A functor F': C — Set is called co-representable if there
exists an object X in C with hX = F. Let f1,..., fm € Z[X1,..., Xy].
Show that the functor

CRing — Set, R— {zx € R" | fi(z) =--- = fm(z) =0}
of Example is co-representable.
Exercise 8.16 (x). Show that the functor
GL,: CRing — Set, R — GL,(R)

of Exercise is co-representable. (Hint: first show that the functor
GL1: R+ R* is isomorphic to hft with Ry = Z[X,Y]/(XY —1).) Let
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R,, be the commutative ring such that GL,, = hfi». By the co-Yoneda
lemma there is a unique ring homomorphism R; — R, inducing the
natural transformation det: GL,, — GL;. Describe this ring homomor-
phism explicitly.

Exercise 8.17 (x). For topological spaces A and Y define C(A,Y) to

be the set of continuous maps from A to Y. For every compact K C A

and open U C Y let Cky C C(A,Y) be the subset consisting of those

f: A=Y with f(K) C U. We give C(A,Y) the topology generated

by the subsets Ck 7. (It is known as the compact-open topology).
Show that if A is compact and Hausdorff, then the functor

Top — Top: X — X x A
(giving X x A the product topology) is left adjoint to the functor
Top — Top: Y — C(A,Y).



CHAPTER 9

Limits and colimits

1. Product and coproduct

Definition 9.1. Let C be a category, let X and Y be objects in C. A
product of X and Y consists of the data of

(1) an object P
(2) morphisms 7x: P —- X and ny: P - Y

such that for all objects T in C, and for all f: T — X and g: T — Y
there is a unique map h: T' — P making the following diagram commute

A product need not exist, but if it does, it is unique up to unique
isomorphism. In particular, we will refer to any product of X and Y as
the product of X and Y. We will usually denote it by X x Y, omitting
the morphisms nwx and my. The proof of uniqueness is formal, and
essentially identical to the proofs of Proposition[4.2I]and the uniqueness
part of Theorem We repeat the argument for the last time.

Proposition 9.2. Let (P,mx,my) and (P', 7'y, m,) be products of X
and Y. Then there exists a unique isomorphism h: P — P’ such that

87
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the diagram

X
V 'X’x
Pl s P!
& mh
Y

commutes.

PROOF OF PROPOSITION [9.2] Since P’ is a product, there exists
a unique h: P — P’ making the diagram commute. Likewise, since
P is a product, there exists a unique h': P’ — P making the diagram
commute. By the same reasoning, there are unique maps 7 and ¢’ making
the diagrams

X X
A P
- JS A > P £ L > P!

commute. Combining both parts, we see that both i = idp and i = h'h
make the first diagram commute, and that both ¢/ = idps and i’ = hhi/
make the second diagram commute. By unicity we have h’'h = idp and
hh' = idp/, hence h is an isomorphism. O

Examples 9.3. In Set the product is the cartesian product, together
with the usual projections. In Top the product is the cartesian product
equipped the product topology, together with the usual projections.
The product of two rings R and S in Ring is the product ring R x S.
The product of two modules in pMod is the cartesian product M x N.

The dual notion of a product is a coproduct (sometimes called sum).

Definition 9.4. Let C be a category, let X and Y be objects in C. A
coproduct of X and Y consists of the data of

(1) an object S

(2) morphisms tx: X - Sand ty: Y = S
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such that for all objects T'in C, and for all f: X - T and g: Y —» T
there is a unique map h: S — T making the diagram

comimute.

By the same argument as before, a coproduct, if it exists, is unique
up to isomorphism. We talk about the coproduct, and denote it with
X1Y.

Example 9.5. Let X and Y be sets. Then the coproduct of X and Y in
Set is the disjoint union X I1Y, together with the canonical inclusions
tx: X —=>XHOY andvy:Y - X1IY.

Similarly, the coproduct in Top of topological spaces X and Y is
the disjoint union X 1Y, with the natural topology (in which X and
Y are both open and closed).

Example 9.6. Let R be a ring. Then the coproduct of R-modules M
and N is the direct sum M @ N, and hence in this case the product
and the coproduct coincide (although the former is considered together
with the projections, and the latter with the inclusions).

More generally one can define products and coproducts of arbitrary
(possibly infinite) families of objects.

Definition 9.7. The product of a family (X;);er of objects in C is an
object [[;,c; X together with maps m,: [[;c; Xi — X, such that for
every T and for every collection of morphisms f;: T — X, there is a
unique h: T — [[;c; Xi such that f; = m;h for all i € I.

Definition 9.8. The coproduct of a family (X;);c; of objects in C is
an object [[;.; X; together with maps ¢, : X, — [, X; such that for
every T and for every collection of morphisms f;: X; — T there is a
unique h: [[,c; Xi — T such that f; = he; for all i € 1.

Again, products and coproducts of arbitrary families need not exist,
but if they do they are unique up to unique isomorphism.
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Example 9.9 (Product and coproduct of modules). Let R be a ring
and (M;);er a collection of R-modules. Then the product of (M) is the
R-module

[ M = {(zi)ier | i € M3}

iel
together with the projection maps 7, : Hiel M; — M,,. The universal
property of products gives a natural (i.e. functorial) bijection

Hompg(N, H M;) = H Hompg (N, M;).
el el

The coproduct of (M;); is the direct sum €, ; M; together with the

el

inclusion maps ¢, : My, — @@, M; given by
T t=n

tn(x); =
n(®): {0 i#n

for all x € M,, and ¢ € I. Indeed, the natural bijection
Homp(EP M;, N) = [ Hompg(M;, N)
i€l i€l
of Exercise shows that for every collection of morphisms (f;: M; —
N); there is a unique morphism h: @, ; M; — N with he; = f;.

2. Pullback and pushout

Definition 9.10. Let C be a category and let f: X — Zandg: Y — Z
be morphisms in C. The pullback or fibered product of f and g consists
of

(1) an object P in C

(2) morphisms 7x: P - X and my: P - Y
such that frx = gmy as maps P — Z, and such that for every object
T and for every pair of maps s: T — X, t: T — Y with fs = gt there
is a unique morphism h: T'— P making the diagram
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commute.

If it exists, the pullback is unique up to unique isomorphism. It is
usually denoted by P = X xz Y, but care should be taken since the
pullback does depend on the maps f and g. Alternatively, one says that
the square

is cartesian if (P,wx,my) is the fibered product of f and g.

Example 9.11. In the category of sets, the fiber product of any pair
of maps f: X — Z and g: Y — Z exists. It is given by

XxzY ={(z,y) e X xY | f(z) = g(y)},

together with the projection maps. Indeed, if s: T — X and t: T — Y
satisfy fs = gt, then the map

h:T — X xzY, u— (s(u),t(u)).

is the unique map making the diagram of the definition commute.
In the case that X = {*x} and f the map x — z, then we find

(<} xzY =g (),

the fiber of Y over z.
In the case that X, Y are subsets of Z and f and g are the respective
inclusions we find X xzY =X nNY.

Example 9.12. Similarly, in Top we have
XxzY ={(z,y) e X xY | f(z) = g(y)}
with the induced topology from the product topology on X x Y.

Example 9.13. Similarly, if fi: My — N and fo: My — N are R-
module homomorphisms, then

{(z1,22) € My x Mz | fi(z1) = fa(x2)}

is a sub-R-module of M; x My, and one verifies that it is the pullback
of fi and fs.
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Example 9.14. In particular, the kernel of a morphism f: M — N is
the pull-back of f and the map 0 — N. In other words, the square

ker f —— M

I

0 —— N

is cartesian in rRlMod.

The dual notion of pullback/fibered product is pushout /fibered co-
product. The definition is obtained by reversing all the arrows.

Definition 9.15. Let C be a category and let f: Z — X and g: Z — Y
be morphisms in C. The pushout or fiber coproduct or fiber sum of f
and ¢ consists of

(1) an object Sin C
(2) morphisms tx: X — Sand ty: Y — S

such that tx f = 1ty g as maps Z — S, and such that for every object T
and for every pair of maps s: X — T, t: Y — T with sf = tg there is
a unique morphism h: S — T making the diagram

comimute.
If it exists, the pushout is unique up to unique isomorphism.

Example 9.16. Pushouts exist in Set, and can be constructed as fol-
lows. Let f: Z — X and g: Z — Y be functions. Consider the equiva-
lence relation ~ on the disjoint union X IIY generated by f(z) ~ g(z).
Let S be the quotient (XIIY")/ ~. Then we claim that S is the pushout
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of f and g. Indeed, assume that we have a commutative diagram

Then there is only one possibility for the map h:

hS T, x]—s(z) zeX
Yl =tly) yeY

This is indeed well-defined, since for any z € Z we have s(f(z)) =

t(g(2)).

Example 9.17 (gluing). The same construction as in Set defines a
pushout in Top, it suffices to put the quotient topology on X I1Y/ ~.
This construction is particularly useful in topology when both f: Z —
X and ¢g: Z — Y are injective. In this case it constructs a space S by
‘gluing’” X and Y along their common subspace Z.

Conversely, if S is a topological space and X and Y subspaces with
S = X UY, then S is the pushout of the inclusion maps X NY — X
and XNY =Y.

Example 9.18. The cokernel of a morphism f: M — N is the pushout
of f and the map M — 0. See also Exercise 0.2

3. Limits and colimits

The above constructions are examples of two dual general classes
of categorical constructions called limits and colimits.

Let Z be a small category (see Definition , let C be a category,
and let X: Z — C be a functor. We will often denote the image of an
object ¢ € Z by X;.
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It is useful to think of the functor X : Z — C informally as a diagram
in C, indexed by Z. For example, if 7 is the three-object category

of objects and morphisms in C. See also Example [5.10]

Definition 9.19. The limit of a functor X : Z — C consists of
(1) an object limz X in C
(2) for every object i in Z a morphism 7;: limz X — X;
such that
(1) for every ¢: i — j in Z we have m; = X(p)om;
(2) for every T in C and for every collection of morphisms ¢;: T —
X; satisfying t; = X (¢) ot; for all p: ¢ — j, there is a unique
h: T — limy X with t; = m;h for all 7.

Of course, the limit of Z — C, if it exists, is unique up to unique
isomorphism. The limit is sometimes written lim; X; or limz X;, but
one should be careful to remember that it depends on the full functor
X, and not just on the objects (X;)icobz-

Examples 9.20. If Z the discrete category on a set I (see ?7), then
limz X is the product J[,.; X; (if it exists). If 7 is empty, then the
limit of the unique functor ) — C is the final object of C (if it exists).
Taking for Z the category
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recovers the notion of fibered product.
There is no surprise in the definition of colimit:

Definition 9.21. The colimit of a functor X : Z — C consists of
(1) an object colimz X in C,
(2) for every object i in Z a morphism ¢;: X; — colimz X
such that
(1) for every ¢: i — j in Z we have ¢j o X (¢) = (,
(2) for every T in C and for every collection of morphisms t;: X; —
T satisfying tj o X (¢) = t; for all p: i — j, there is a unique
h: colimz X — T with t; = he; for all 4.

If it exists, it is unique up to unique isomorphism.

Examples 9.22. If 7 the discrete category on a set I, then colimz X
is the coproduct [[;c; X; (if it exists). If Z is empty, then the colimit of
the unique functor () — C is the cofinal object of C (if it exists). Taking
for Z the category

e
.

3

2

recovers the notion of pushout.

We end with an example of an infinite diagram in Set and its limit
and colimit.

Example 9.23. Let 7 be the category with obZ = N and such that for
all i < j we have Hom(7, j) = (), and for all 7 > j we have Hom(i, j) =
{x}. In a picture:

0—1+—2¢—3+— --.

Let Sp D S1 D S2 D -+ be a decreasing chain of sets. Then this defines
a functor

S: 7T — Set, i— S;

which for 7 > j maps the unique map ¢ — j to the inclusion S; — S;.
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To give a collection of maps ¢;: T" — .S; such that for all ¢ > j the

diagram
T
ltjx:

Sj%Si

commutes, is the same as to give a map t: T — (),.S;. From this it
follows easily that lim; S; =, S.
For the colimit, note that a collection of maps ¢;: S; — T such that

for all 4 > j the diagram
%
PN

commutes is completely determined by to: Sy — T (since ¢; must be
the restriction of ¢y to the subset S; C Sp), and one easily verifies that
colim; S; = Sp.

S;

<.

t;

—— ®

N

4. Yoneda and limits and colimits of sets
The category Set has all limits and colimits.

Proposition 9.24. Let T be a small category and let X : T — Set, i —
X; be a functor. Then limz X; exists, and is given by

{(z:); € H X | X(@)(w;) = xj for all p: i — j}
i€obZ
together with the projection maps to the sets X;.

PROOF. The proof is a straightforward verification that the set L :=
{(x;); € [[;Xi | ---} described in the proposition, with the projection
maps

Tt L — X, (x)i — xn
satisfies the definition of a limit. The first property holds by construc-
tion: for every x € L and ¢: i — j in Z we have

mj(@) = 25 = Xo(2:) = (Xp 0 mi)(2),

hence 7; = X, om;. For the second property, assume that (7', (t;: T —
X;);) satisfies t; = X, ot; for every ¢: i — j. Then the map

h:T — L, T — (tz(:v))l
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is well-defined (that is, h(z) lands in L C [[; X;), and clearly is the
unique map such that t; = m;h for every 1. ]

Proposition 9.25. Let T be a small category and let X : T — Set, i —
X; be a functor. Consider on the disjoint union [[;c., 7 Xi the equiv-
alence relation ~ generated by x; ~ X (¢)(x;) for all ¢: i — j and all
x; € X;. Then colimz X; exists and is given by

colimz X = ( H Xi>/~
i€obZ
together with the compositions
Li: X] — H Xi — colimIX.
i€obZ
PRrROOF. This is shown by a direct verification, somewhat similar to
the proof of Proposition See also Exercise [0.17] O

Using the explicit descriptions of limits of sets, we can now rephrase
the universal property for limits and colimits in an arbitrary category:

Theorem 9.26. Let T be a small category and let X:Z — C be a
functor. Let L be an object of C. Then limz X exists and is isomorphic
to L if and only if there is an isomorphism

Home(—, L) = limz Home (—, X;),
of functors C°? — Set.

Note that by Yoneda (Theorem the above theorem completely
characterizes limy X.

PROOF OF THEOREM [9.26] Let T be an object in C. By the ex-
plicit description of limit of sets in Proposition [9.24] we have

lirrleomc(T, X)) ={(ti: T — X3)i | Vp: i — j, X(p)ot; =t}

1€

By the universal property of the limit in C the map
Home (T, lim; X;) — {(t;: T — Xi)i | Ve: i — j, X(p) ot; = t;}

given by h + (m; 0 h);ez is a bijection. The bijection is functorial in T,
and hence defines an isomorphism of functors. Conversely, if there is a
functorial bijection

Home (T, L) — {(t;: T — Xi)i | V: i — j, X(p) ot; =1},
then L satisfies the universal property of the limit. O
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Theorem 9.27. Let T be a small category and let X : T — C be a func-
tor. Let C be an object of C. Then colimz X exists and is isomorphic
to C if and only if there is an isomorphism

Home (C, —) = limzop Home (X, —)
of functors C — Set. O

Note that by co-Yoneda (Theorem [8.12) the above theorem com-
pletely characterizes colimz X.

5. Adjoint functors and limits

Theorem 9.28 (Left adjoints commute with colimits). Let F': C — D
be a left adjoint to G: D — C. Let X: Z — C be a functor, and suppose
that colimz X ewists in C. Then colimz(FX) exists and

colimz(FX) = F(colimz X)
mn D.
Informally, we say that ‘F commutes with colimits’.

PROOF OF THEOREM [0.28 Using Theorem[9.27 and the definition
of adjoint functors we find for every T in D a chain of isomorphisms

Homp (F(colimz X;),T) = Home(colimz X;, GT')
= limzor Home (X, GT)
= limzer Homp (FX;,T),

functorial in T, and hence an isomorphism of functors

Homp (F(colimz X;), —) = limzer Homp (F X;, —)

which by Theorem shows that F'(colimz X;) is the colimit of the
diagram Z — D, i — FX;. O

The co-theorem states that right adjoints commute with limits:

Theorem 9.29 (Right adjoints commute with limits). Let F': C — D
be a left adjoint to G: D — C. Let X: T — D be a functor, and suppose
that limz X exists in D. Then limz(GX) exists and

in C. O
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Example 9.30. Let R be a ring and let A be an (S, R)-bimodule. By
Theorem [7.19 the functor

rMod — sMod, M — A®r M
is left adjoint (to the functor Homg(A, —)), and hence by Theorem

it commutes with colimits. In particular, it commutes with coproducts:
A @R (BierM;) = ®ic1(A®r M;)
and with cokernels:
coker(id® f: AQr M - A®r N) = A®p coker(f: M — N).

(Note that the latter gives a one-line proof of Proposition [7.17]).
There is a priori no reason for the functor to commute with limits,
and indeed in general A @ — does not respect kernels (see Exercise

[7.15)) or (infinite) products (see Exercise [0.9).

Example 9.31. The forgetful functor pkMod — Set is right adjoint to
the free module functor (see Example and hence by Theorem
it commutes with limits. For example, this implies that the underlying
set of a product of modules is the product of the underlying sets of the
modules.

On the other side of the adjunction, we see that the free mod-
ule functor I — RY) must commute with colimits. For example, this
contains the (trivial) statement that a basis for the direct sum of free
modules is given by the disjoint union of their bases, that is

RU ¢ RV) =~ pULLJ)
as R-modules.

Example 9.32. We have seen in Example [8.0]that the forgetful functor
Top — Set is both right adjoint (to the discrete topology functor) and
left adjoint (to the trivial topology functor). It therefore commutes with
both limits and colimits, and hence any limit or colimit of topological
spaces can be constructed by putting a suitable topology on the limit
or colimit of the underlying sets.
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Exercises

Exercise 9.1. Let X and Y be topological spaces. Show that the
cartesian product X x Y with the product topology is the product of
X and Y in the category Top.

Exercise 9.2. Let fo: M — Ny and fi: M — N; be morphisms in
rMod. Show that their fibered coproduct exists. (Hint: construct the
fibered coproduct as a quotient module of Ny & Ny).

Exercise 9.3. Does the category of pointed topological spaces Top,
have products and/or coproducts? And if so, what are they? Does
the forgetful functor Top, — Top commute with products and/or
coproducts?

Exercise 9.4. Let C be a category and let X and Y be objects in C.
Find a category P in which the products of X and Y are precisely the
final objects. Conclude that Proposition can be deduced directly

from Proposition
Exercise 9.5. Show that the pushout of the inclusion map {0,1} —
[0,1] and the map {0,1} — {x} in Top is the circle.
Exercise 9.6. Let C be a category. Consider the diagonal functor
A:C—=CxC

defined by X — (X, X) and f — (f,f). When does A have a left
adjoint? And a right adjoint?
Exercise 9.7 (Coproduct of commutative rings). Let R and S be com-
mutative rings.

(1) Show that there is a unique ring structure on the Z-module

R ®7z S such that
(11 ® 51)(r2 ® 82) = 11712 ® $182.

(2) Show that R > R®z S, r—r®land S - R®zS, s— 1®s
are ring homomorphisms.

(3) Show that R ®z S is the coproduct of R and S in CRing.
Exercise 9.8. Let R be a ring and let

M%

P
ool
oY N
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be a commutative square of R-modules.

(1) Show that M (with the maps f and g) is the pullback of P —
N and @Q — N if and only if the sequence

0—MIY ppoey N
is exact.

(2) Show that N (with the maps ¢ and ) is the pushout of M —
P and M — @ if and only if the sequence

MU pa?UN 0
is exact.
Exercise 9.9. Show that the element
l®(1,1,...)
of the module Q®z ([],,~o Z/nZ) is non-zero. Conclude that the func-
tor Q ®z — from Ab to Ab does not commute with infinite products.

Exercise 9.10. Let X,Y: Z — C be functors, and let n: X — Y be
a morphism of functors. Assume that lim7z X and limz Y exist. Show
that o induces a morphism limz X — limz Y in C. Formulate and prove
the analogous statement for colimits.

Exercise 9.11. Show that the lim and colim in Example coincide
with those described by Propositions and

Exercise 9.12. Let Sy € S; C S9--- be an infinite sequence of in-
clusions of sets. Show that the union U;S; is the colimit of a suitably
chosen diagram 7 — Set.

Exercise 9.13. Let K be a field. Let Z be the category with obZ = N
and
- {x} j<i
Homz(z,5) =
(i, ) { 0 j>i
Consider the diagram
R: T — CRing, i — R; := K[X]/(X"),

(where for j < i the map K[X]/(X?) — K[X]/(X7) is the quotient
map). Show that limz R; exists in CRing, and is isomorphic to the
power series ring K [[X]].
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Exercise 9.14. Let G be a group and let BG the category of Example
4.7 Let F': BG — Set be a functor.

(1) Show that F'(*) is a set X equipped with an action of G.

(2) Show that lim F' is the set of fixed points of the action.

(3) Show that colim F' is the set of orbits of the action.

Exercise 9.15. Let X be a topological space, and let (U;);cr be an
open cover. Let 7 be the category with obZ = I and

{*} U, CUj
0 otherwise

Hom(i, j) = {

Assume that for all 4, j there is a k£ € I such that U; N U; = Uj. Show
that colimz U; = X in Top.

Exercise 9.16. Let Z and R be the categories of Exercise [8.4 Let Z
be the category with obZ = N and

{x} i<y
0 i> 7

Homz (i, j) = {

Verify that a functor Z — R is the same as an increasing sequence of
real numbers

o< x1 S X2 <
When does this functor have a limit? And a colimit? Verify directly if

they are preserved by the left and right adjoints of the inclusion functor
Z —R.

Exercise 9.17. Prove Proposition [9.25

Exercise 9.18. Show that all limits and colimits exist in the category

Top. (Hint: see Propositions and [9.25)).

Exercise 9.19 (Arbitrary limits of modules). Let R be a ring, Z a
small category, and M:Z — rMod, ¢ — M; a functor. Show that
there is an exact sequence

0 —1i ; j
im M — HMz — H M,;
i fri—=g
of R-modules (in particular the limit exists). Here the first product

ranges over all objects ¢ in Z, and the second ranges over all triples
(4,7, f) with ¢ and j objects in Z and f: i — j a morphism in Z. Verify
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by hand that your exact sequence is correct in the special cases where
the limit is a product or a pullback.

Exercise 9.20 (Arbitrary colimits of modules). Formulate and prove
an analogous statement for colimits of modules.

Exercise 9.21. Let R and S be rings, let A be an (R, S)-module and
let

00— M1 — M2 — M3
be an exact sequence of R-modules. Use Theorem [9.29 to prove that
the induced sequence

0— HOHIR(A, Ml) — I‘IOHIR(AA7 MQ) — HOH’IR(A, Mg)
is exact in sMod. (See Exercise for a more direct approach).

Exercise 9.22. Consider the functor F': Grp — Ab, G — G®. (See

Example and Exercise .

(1) Let f: Gy — H and g: Go — H be group homomorphisms.
Show that the pullback of f and g exists, and is isomorphic to
{(s,t) e Gx G| [(s) =g(t)}.

(2) Let f: Z/3Z — Ss be an injective homomorphism and let
g: {1} — S5 be the trivial homomorphism. Compute the pull-
back in Grp of f and g, as well as the pullback in Ab of F(f)
and F'(g).

(3) Conclude that F' does not have a left adjoint.

(4) Show that F' does commute with finite products.






CHAPTER 10

Chain complexes

1. Chain complexes and their homology modules

Definition 10.1. Let R be a ring. A chain complex of R-modules
consists of

(1) for every i € Z an R-module M;,
(2) for every i € Z an R-linear map d;: M; — M;_

such that for every i the identity d; o d;+1 = 0 holds.
We depict a chain complex as a diagram
s My 2y My Yo M
and often denote the chain complex by M,.

Definition 10.2. A morphism of chain complexes My — M, consists
of an R-module homomorphism f;: M; — M] for every i, such that the
resulting diagram

M2 dz M1 4 Mo >
lf?. J/fl lfo
d, d"
My, o B

commutes. The resulting category of chain complexes of left R-modules
is denoted rCh. The similarly-defined category of chain complexes of
right R-modules is denoted Chpg.

The condition d; o d;+1 = 0 in a chain complex
i+1

d d;
oo —> Miyy1 — My — My — - -

implies that im d;;1 C ker d; inside M;.

105
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Definition 10.3. Let M, be a chain complex of R-modules and 7 an
integer. The i-th homology module of M, is the R-module

ker dz‘

Hi M. = .
(M) imd;q1

If f: My — M] is a morphism of chain complexes, then f;: M; —
M/ induces a morphism

H;(f): Hy(Ma) = Hi(M)
(see Exercise |10.1)). We obtain for every i a functor
HZ'Z RCh — RMOd.

These modules measure the failure of the sequence M, to be exact,
in the following sense.

Lemma 10.4. A chain complex
-"HMgnggMoﬂ)M,l—)"-
is exact if and only if Hi(Ms) = 0 for all i € Z. O
2. The long exact sequence

Let Mo, No and P, be chain complexes of R-modules. We say that
a sequence of morphisms

0— M, -5 N, 2P, —50

is a short exact sequence in rCh if it is termwise exact. In other words,
if in the commutative diagram

0 0 0
—— M Mz My —— -
041 o Bi—1
- — Nip1 Nz N; 1
Bi+1 \,31' Bi—1
— P P P4
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all the columns are short exact sequences of R-modules.
Theorem 10.5. Let

0— My -5 N, -5 P, — 0

be a short exact sequence of chain complexes of R-modules. Then there
exists an exact sequence

L ®) Hiy1(Ps)

- —— Hi1(Ne)

Hi_l(a)

Hi—l(Mo) Hi_l(N.) _ ..

of R-modules.

The resulting exact sequence of homology modules is called the long
exact sequence of homology associated to the short exact sequence of
chain complexes.

PrRoOF OF THEOREM [I0.5l We omit the proof, which is a tedious
diagram chase in the style of the proof of the Snake Lemma (Theorem
. In fact, the Snake Lemma is a special case of the theorem, obtained
by assuming the M;, N; and P; vanish for ¢ ¢ {0,1}. O

3. The homotopy category

Definition 10.6. Let R be a ring and let f: M, — M, and g: M, —
M be morphisms of chain complexes of R-modules. A homotopy from
f to g consists of a collection of R-linear maps h;: M; — M, indexed
by i € Z, such that for every ¢ € Z the identity

9i — fi = diz1hi + hi1d;

holds in Hompg(M;, M]). We say that f and g are homotopic, and write
f ~ g, if there exists a homotopy from f to g.
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It is convenient to keep track of these maps in a diagram:

d d
M, 2 My ! My
,// fQHQQ hi f1ugl ho fOHgO o
L’// J(/ L// )4//
/ / /
: My ——— M} ——— M}
2 1

but note that in the definition of homotopy it is not required that the
h;’s commute with the horizontal maps d in any way.
The equation defining homotopy can be remembered as

g— f =dh+ hd,

omitting the indices which can be reinserted in only one meaningful
way.

Proposition 10.7. Let R be a ring and Mo, M) chain complex of R-
modules. Then homotopy is an equivalence relation on the set Hom ,cn(M,, M,).

O

Proposition 10.8. Let R be a ring and f,g: Me — M, homotopic
morphisms of chain complexes of R-modules. Then
(1) for any morphism s: M, — No in rCh, the compositions sf
and sg are homotopic;
(2) for any morphism t: Ng — M, in rCh, the compositions ft
and gt are homotopic.

PROOF. Let (h;); be a homotopy from f to g. In the first case, one
verifies that (s;y1h;); is a homotopy from sf to sg, and in the second
case, that (h;t;); is a homotopy from ft to gt. O

Definition 10.9. The homotopy category of chain complexes of R-
modules, denoted rHo, is the category with

(1) obgHo := ob zgCh
(2) Homto(Me, No) := Hom cnh(Me, N,)/ ~

where composition and identity maps are inherited from composition
and identity maps in rCh.

Proposition guarantees that composition in pHo is well-defined.

Proposition 10.10. Let f,g: My — M, be homotopic maps in Chg,
and let i be an integer. Then H;(f) = H;(g) as maps H;(M,) — H;(M]).
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PROOF. By definition, an element of H;(M,) is a coset
T :=x +im(dit1)
for some x € ker(d;). We have
H;(f)(z) — Hi(9)() = f(z) — g(x) + im(d,)
= diy1(hi(2)) + hiz1(di(2)) +im(djy ).
Since d;  (hi(x)) € im(d}, ), the first term vanishes in H;(M,). Since
x € ker(d;), also the second term vanishes, and H;(f) = H;(g). O

A consequence of Proposition [10.10]is that the functors H; on gCh
induce functors

Hi: RHO — R].V[O(Zl7 My +— HZ(M.)
on the homotopy category of chain complexes.

Remark 10.11. As the terminology suggests, there is a close rela-
tionship with the notions of homotopic maps and homology groups in
algebraic topology. Homology groups of topological spaces are usually
defined in terms of the functor

C: Top — zCh, X — Co(X)

that maps a space X to the chain complex of singular chains. One then
defines the i-th homology group of X by

Hi(X,Z) := H;(Co(X))

and obtains functors H;: Top — Ab.

If f,g: X — Y are homotopic continuous maps, then their induced
maps Co(X) — Co(Y) are homotopic maps of chain complexes, and
hence their induced maps H;(X,Z) — H;(Y,Z) coincide.

Remark 10.12. Chain complexes form a mathematical context in
which three layers play a role: objects (chain complexes), morphisms
(morphisms of chain complexes), and maps between morphisms (ho-
motopies). See Remark for two other such contexts: topological
spaces (spaces, continuous maps, homotopies), and categories (cate-
gories, functors, morphisms of functors).
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Exercises

Exercise 10.1 (Functoriality of homology). Let f: My — M, be a
morphism of chain complexes of R-modules.

(1) Show fi(kerd;) C kerd};

(2) Show fi(imd;y1) Cimd; ;

(3) Conclude that f; induces an R-linear map H;(M) — H;(M’).
Exercise 10.2. Let

oo > My — My — My — N —0
be an exact sequence of R-modules. Show that the complex
My=(...>My— M — My—0—---)

satisfies Ho(M,) = N and H,,(M,) = 0 for all n # 0.

Exercise 10.3. Let R be a non-zero ring. Show that the two chain
complexes

0 0 0 0

0 R4, R 0

are isomorphic in pHo.

Exercise 10.4. Let n > 1 and let f be the morphism in zCh given by
the diagram

0 Z L Z 0
I
0 0 Z/nZ —— 0 —— ---

with 7 the canonical map. Show that H;(f) is an isomorphism for all
i, but that f is not an isomorphism in zHo.

Exercise 10.5. Let R and S be rings. A functor F': pRMod — sMod
is called additive if for all R-modules M, N the map

F: Homp(M,N) — Homg(FM, FN)

is a homomorphism of abelian groups. Let A be an (R, S)-bimodule.
Show that the functor

rMod — sMod, M — Hompg(A, M)

is additive.
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Exercise 10.6. Show that an additive functor F: pMod — sMod
induces functors RkCh — ¢Ch and pRHo — sHo.

Exercise 10.7. Let R and S be rings and A an (R, S)-bimodule. For
a chain complex M, in rCh define a chain complex M, in Chg by

(1) Mz/ = HomR(M_i,A)

(2) d;: M — M/_; the map induced from dy_;: Myi_; = M_;
Verify that M, is a chain complex of right S-modules, and that the
operation M, +— M defines functors gCh°® — Chg and pHo® —
Hog.

Exercise 10.8 (x). Let G be a group. Consider the abelian groups
Cpn(G) := Z(E"). To ease the notation, denote the basis vector €(
by [g1,--.,9n] € Cr(G). Consider the morphisms

dn: Cp(G) = Cp—1(G)
defined on the basis of Cy,(G) by
[917 oo 7g7l] '_>[927g37 s 7971}

g1,-,9n)

n—1
+ ) (=191, i1, 9iGi 1 Givar - - > Gnl
i=1

+ (_1)n[gla s 7gn—1]~
Set Cp,(G) =0 for n < 0.
(1) Show that Ce(G

)
The homology groups H,,(Ce(G)) are called the homology groups of G,
and are denoted H, (G, Z).

(2) Show that Ho(G,Z) = Z;
(3) Show that Hy(G,Z) = G?P.
Exercise 10.9 (x). Let K be a field. Let [[,.4 Veck be the category

whose objects are sequences (V;);ecz of K-vector spaces, and whose mor-
phisms are sequences (f;);cz of K-linear maps. Show that the functor

Hox — HVGCIO Ve = (Hi(Vs));
i€EZ

is a chain complex of abelian groups.

is an equivalence of categories.
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Free resolutions

1. Definition and existence

Definition 11.1. Let R be a ring and let M be an R-module. A free
resolution of M is an exact sequence of R-modules

RN RN Ny AN NN/ N
in which the modules F; are free.

Example 11.2. If M itself is free, then the exact sequence

50— 00— MY M —0

is a free resolution (with Fy = M and F; = 0 for i # 0). We will usually
suppress leading zeroes from the notation, and simply write

0O—M—M-—70
for the above resolution.

Example 11.3. Let R be an integral domain. If I C R is a non-zero
principal ideal, then I is free of rank 1 as an R-module (see Exercise

, hence the exact sequence
0—I—R-—R/I—0
is a free resolution of the R-module R/I.

Example 11.4. If R is a principal ideal domain, and M a finitely
generated R-module, then we have seen in Corollary that M has a
free resolution of the form

0—F —F—M-—0

with Fy and F} free R-modules of finite rank.

113
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Example 11.5. Let K be a field, and let R = K[X,Y]. Then the
sequence

0—R-2ReR™ R KX, Y]/(X,Y) —0
with da(1) = (Y, —X), d1(1,0) = X and d1(0,1) = Y, and 7 the
quotient map is a free resolution of the R-module K[X,Y]/(X,Y).

Every R-module has a free resolution, although in general the res-
olution need not be of finite length, and the free modules occurring in
it need not be of finite rank.

Proposition 11.6. Let R be a ring. Then every R-module M has a
free resolution.

PROOF. Choose a generating set I of M, and let Fy = RY) be the
free R-module with basis I. Then we have a natural surjective map
m: Fy — M, and hence an exact sequence

Fy = M — 0.

Now choose a generating set I of the R-module Ky := kerm C Fjy and
let F; = RU0), The natural map F7; — Ky C Fj extends the above to
an exact sequence

A% R M —o0.
Repeating this argument with K := ker d; and so forth, we obtain an
exact sequence

s B MR T M 0,
with the F; free, as we had to show. ]
Remark 11.7. From a free resolution
s B2 MR T M0
of M we obtain a chain complex Fy of the form
-~—>F22>F1£>F0—>0—>0—>~-
by setting set F; = 0 for ¢ < 0. This chain complex satisfies
Conversely, given a pair (F,, «) consisting of
(1) a chain complex F,
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(2) an isomorphism a: Ho(F,) - M

with F; free for all ¢ and zero for i < 0, and with H;(F,) = 0 for all
i # 0, the sequence

i Fy — F| — Fy = M — 0,

where 7 is induced by «, is a free resolution of M.
It will often be convenient to think of a free resolution as a pair
(Fe, o) consisting of a chain complex Fy and an isomorphism « as above.

2. The free resolution functor

Theorem 11.8. Let M and M’ be R-modules. Let Fy and F, be free
resolutions of M and M’ respectively. Let ¢: M — M' be a morphism
of R-modules. Then there exists a morphism f: Fy — F. such that
Ho(f) = ¢. Moreover, f is unique up to homotopy.

PrROOF. The existence of f amounts to the existence of R-linear
maps f; making the diagram (with exact rows)

d d
y Fo 2 I3 LY Fo ul M > 0
! ! !
if? ifl ifo J‘P
~ d/ v d, ~ ,
y By —» F| —— F, —"— M’ > 0

commute. We will construct such a diagram inductively.

Let Sy C Fy be a basis of the free module Fy. For every s € Sy,
choose an s’ € Fj such that n'(s") = ¢n(s). Such s exists by the
surjectivity of /. Now, since Fj is free with basis Sy, there exists a
unique R-linear map fo: Fy — F| that maps every s € Sy to its chosen
counterpart s’ € Fj. By construction the right-hand square commutes.

Next, let S7 C Fi be a basis of Fj. For every s € Si, we have
mdy(s) = 0 by the exactness of the top-row, hence 7’ fodi(s) = 0 by the
commutativity of the right-hand square, and hence fodi(s) € kern’.
We conclude that there exists an element s’ € F] with d(s’) = fodi(s).
Choosing such an s’ for every s € S} yields an R-linear map f1: Fy — F}
as above. Repeating the argument, we construct maps f; as required.

For the uniqueness assertion in the theorem, assume that we have
chain complex homomorphisms f: Fy — F. and g: Fy — F. with
Ho(f) = Ho(g) = ¢. Let 6 := g — f. We need to show that there
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are h; as in the diagram below

da di

: > Fh I3 » Fo ul M > 0
e lfb hy J/51 ho léo J/O
K ' < / < ' !
» Iy 7 Fi 7 r By — M > 0
satisfying
8o = d}ho

0; = d;—l—lhi + hi—1d; (Z > 1)
As in the proof of the first part of the theorem, we construct these h;
inductively.

For the base step, choose a basis Sy of Fy and for every s € Sy
choose an s’ € F| with d}s’ = dps. Such s’ exists, since 7'dps = 0, and
the bottom row in the diagram is exact. Since Fy is free with basis Sy,
there is a (unique) morphism hg: Fy — F} with s — ¢’ for every s € S,
and we have dy = d}ho by construction.

Next, let Sy be a basis of Fi, and choose for every s € Sy an s’ € F}
with dbs’ = d1s — hodys. Such s exists, since

dll ((518 - hodls) = d’léls — dllhodls = 50(118 — 50d18 =0.

As before, the collection of s’ defines a map hy: Fy — Fj, and re-
peating the argument gives a collection of maps h; defining the desired
homotopy between f and g. O

Corollary 11.9. If F, and F, are free resolutions of M, then Fy and
F! are isomorphic in gkHo.

PROOF. The proof is ‘abstract nonsense’ and quite similar to the
argument that showed that final objects are unique up to unique iso-
morphism (see Proposition .

Take M’ := M and apply Theorem to id: M — M’ and
id: M" — M to obtain morphisms f: Fy — F, and g: F, — F,. Then
apply Theorem|[11.8|again to idys and idys to show that g f is homotopic
to idg, and fg is homotopic to idg;. This gives equalities fg = idp,
and gf = idp; in gHo, which shows that f and g are mutually inverse
isomorphisms in pHo. O
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Example 11.10. The zero module M = {0} has the zero resolution,
but also the non-trivial free resolution

0—R-LH R M—0,
hence the corresponding complexes

» 0 0 » 0 » 0

> 0 R > R > 0

are isomorphic in pRHo. See also Exercise [10.3]

We can now summarise this section into one powerful theorem.

Theorem 11.11. There exists a functor
F: RpMod — rHo, M — F,(M)
and an isomorphism of functors
a:Hpo F = id ;Mod

such that for every R-module M, the complex Fo(M) together with the
1somorphism oy forms a free resolution of M.

The proof goes directly against our basic principle that ‘construc-
tions depending on choices do not give rise to functors’.

PRrROOF OF THEOREM [[T.T1]l Using Proposition[I1.6] choose for ev-
ery R-module M a free resolution

oo By (M) — Fy (M) — Fy(M) 25 M — 0.

This defines for every R-module M an object Fo(M) € gpHo, and an
isomorphism ay: Ho(Fe(M)) = M (induced by 7y/).

Now for every ¢: M — N in gMod, Theorem [11.8| gives a unique
morphism Fy(¢p): Fo(M) — Fo(N) such that the square of R-modules

Ho(Fo(M)) =25 M

lHo(F-(w)) Jw

Ho(Fy(N)) =25 N

commutes. This provides the necessary data for a functor F,, and
immediately shows that « is an isomorphism of functors, provided that
the data defining F, indeed forms a functor.
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For this, we need to check that F, respects identity and composi-
tion. But this follows quite formally from the uniqueness statement in
Theorem Given an R-module M, both idg, 57y and Fe(id) induce
the identity on Ho(Fe(M)) = M, so they must be homotopic and hence
they define the same morphism in pHo. Similarly, given f: M — N
and g: N — P then both

Fo(9)Fe(f): Fo(M) — Fy(N)
and
Fo(9f): Fo(M) — Fo(N)

induce the map ¢gf: M — P on Hp, so they must be homotopic and
hence define the same morphism in pHo. O
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Exercises

Exercise 11.1. Consider the ring R = Z[X]. Give a free resolution of
the R-module Z[X]/(X,2).

Exercise 11.2. Let K be a field and consider the subring R = K[X?, X3]
of the polynomial ring K[X]. Let M be the R-module R/(X? X3).
Find a free resolution of M.

Exercise 11.3. Let R be a commutative ring.

(1) Assume that » € R is not a zero divisor in R. Show that R/rR
has a free resolution of the form

0— R—R— R/(r) —0.

(2) Let r,s € R. Assume that r is not a zero divisor in R, and
that s is not a zero divisor in R/rR. Show that R/(s,r) has a
free resolution of the form

0— R—R*— R— R/(r,s) — 0.

(3, x) Try to formulate and prove an analogous statement for mod-
ules of the form R/(r,s,t), etcetera.

Exercise 11.4. Let n be a positive integer, and consider the ring R :=
Z[X]/(X™—1). Let M be the quotient module R/(X —1), m: R — M
the quotient map. Show that

RS RPR R T M o,
with a(r) = (X — 1)r and B(r) = (X" 1+ .-+ X + 1)r, is a free
resolution of the R-module M.

Exercise 11.5. Let R = Z/4Z and let M be the R-module Z/2Z.
Find a free resolution of M.

Exercise 11.6. Let K be a field, n > 1 and let R be the matrix
ring Mat,, (K). Let M = K" be the left R-module of column vectors.
Show that M does not have a finite free resolution consisting of finitely
generated free R-modules.

Exercise 11.7. Let 0 — M; — My — M3 — 0 be a short exact
sequence of R-modules. Show that there exist free R-modules F}, F,
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F3, and a commutative diagram

0 > I Fy y F3 > 0
L]
0 My s Moy My > 0

with exact rows and surjective vertical maps.

Exercise 11.8 (Free resolution of a short exact sequence). Let 0 —
My — My — M3 — 0 be a short exact sequence of R-modules. Show
that there exist free resolutions

oo Fio — Fi1 — Foo— M; — 0
for : = 1,2, 3, and a short exact sequence
0— Fle—Fre— F34—0
of chain complexes compatible with the exact sequence 0 — M; —

My — Ms — 0.

Exercise 11.9 (Uniqueness of free resolution functor). Let F' and G
be functors pkMod — pHo. Let a: Hyo F = id and f: Hy o G = id
be isomorphisms. Assume that for every M the pairs (F(M),«) and
(G(M), B) are free resolutions of M. Show that the functors F' and G
are isomorphic.

Exercise 11.10. Let M, be a chain complex of R-modules with M; =0
for all ¢ # 0,1. Show that there exists a chain complex F, and a
morphism «: Fq — M, such that

(1) H;(e) is an isomorphism for all ¢, and

(2) Fj; is free for all 4.

Exercise 11.11 (x). Let M, be a chain complex of R-modules with
M; = 0 for all © < 0. Show that there exists an F, and « as in Exercise

ILI0
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The Ext functors

1. The functors Ext"”
Let R be a ring. If M, is the complex of R-modules given by
e —> My — My — My — - -
and if N is an R-module, then the induced sequence
-+ —> Homp(M;—1, N) — Homp(M;, N) — Homp(M;41, N) — - --

forms a complex of abelian groups, with the group Homg(M_;, N) in
degree i. This determines a functor

rRCh°® x pMod — zCh
and it induces a functor
rHO0? x pMod — zHo.
on the homotopy categories, by Exercise [10.7]
Definition 12.1. Let n be an integer. We define the functor
Extk(—, —): RMod®® x RpMod — Ab, (M,N) — Extk(M,N)

as the composition of the following functors:

(1) the free resolution functor of Theorem [11.11| (applied to the
first coordinate)

Fo(—) xid: gRMod®? x gpMod — pHo? x pMod
(2) the functor induced by Homp as above
rHo® x pkMod — zHo
(3) the homology functor
H_,,: zHo — Ab,
which is well-defined by Proposition [10.10

121
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In other words, if
o — ) — Fy— M —0

is a free resolution of M, then the group Ext’z(M, N) is defined as the
quotient group

ker (HomR(Fn, N) — HomR(Fn_H,N))
im (Homp(F,—1,N) — Hompg(F,, N))’

Ext’,(M, N) =

where the maps between the Hom groups are induced from the maps
in the free resolution, and where we set F; = 0 for ¢ < 0, as before.

Remark 12.2. A priori the functor Ext’s(—, —) depends on the choices
of free resolutions involved in Fo(—), but different choices give rise to
isomorphic functors Ext’s(—, —).

Example 12.3. Let m be a positive integer. We compute the groups
Exty(Z/mZ, Z) using the definition. As a first step we need to find a
free resolution of Z/mZ. The obvious choice

0—2Z"7Z —Z/mZ—0
leads to the complex
Fo=[+—0—2Z5Z—0—0— -]

with Fy = Fy = Z. Note that Hom(Z,Z) = Z, so that applying
the contravariant additive functor Homg(—, Z) to this complex gives a
complex of the form

Hy=["—0—0—Z—Z—0— ]

with Hy = H_1 = Z. One checks that the map Z — Z is multiplication
by m. We find H;(H,) = 0 for all i # —1, and H_;(H.) = Z/mZ.
From this we conclude

Z/mZ n=1

Extl(Z/mZ, Z) =
xtz(Z/ ) { 0 n#1
By construction, the groups Ext™ (M, N) are zero for n < 0.

Proposition 12.4. The functors Ext%(—, —) and Homg(—, —) are iso-
morphic.
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PROOF. Let
o — ) — Fy— M —0

be a free resolution of an R-module M. Then by Exercise [2.9] we get
an exact sequence

0 — Hom(M, N) — Hom(Fy, N) — Hom(Fy, N).
Using the definition of Ext? we find
Ext(M, N) = Ho(Hom(F,, N)) = ker(Hom(Fy, N) — Hom(Fy, N)),

which gives an isomorphism Ext’(M, N) = Hom(M, N), functorial in
M. U

We will see that the module Ext!(M, N) is in bijection with iso-
morphism classes of short exact sequences

0O—N-—F—M-—70

of R-modules. There is also an interpretation to the modules Ext™ (M, N)
with n > 1 in terms of exact sequences

0—N—>F —.-—FE,—M—0,

but the statement is more delicate.

2. The long exact sequence

Theorem 12.5. Let N be an R-module, and let
0— My — My —> Mg — 0

be a short exact sequence of R-modules. Then there is a natural exact
sequence

0 —— Hom(Ms3, N) —— Hom(My, N) —— Hom(M;, N)
Ext!(M3, N) —— Ext!(Ms, N) —— Ext!(My, N)

Ext?(M3, N) —— Ext?(My, N) ———

of abelian groups.
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PROOF. Choose free resolutions of the M; as in Exercise [11.8] so
that we have a short exact sequence of complexes

00— F1o —> Foe — F34 — 0.

Denote by H; e the complex obtained by applying Hom(—, N) to Fj .,
so we have

Hi,j = HOHl(Fi’,j, N)
For every ¢ the exact sequence
0— Fl,i — Fgﬂ' — Fgﬂ' — 0

is split exact because Fj; is a free R-module (see Exercise [2.17]), and
hence also the induced sequence

00— H37_Z' — H27_i — Hl,—z' —0

is exact (see Exercise [2.19)). Applying Theorem m to the short exact
sequence of complexes of abelian groups

0 — H3o—+ Hyqg —> Hio—0

we obtain a long exact sequence

- —— Hijp1(Hye) —— Hip1(Hi)

Hi_1(Hs3e) — Hi—1(Hzo) ——

which, taking into account the vanishing of Ext’ for i < 0 and the fact
that Ext® = Hom, gives precisely the exact sequence of the theorem.
One verifies that this sequence does not depend on the choice of free
resolutions. O

3. Ext! and extensions

Definition 12.6. Let R be a ring and let M and N be R-modules. An
extension of M by N is a short exact sequence

0O—N—F—M-—70
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of R-modules. Two such extensions are called equivalent if there exists
a commutative diagram

0 s N y B M 0
o [
0 s N s B M 0

of R-modules. We define the set extr(M, N) to be the set of equivalence
classes of extensions of M by N.

Note that the morphism E — E’ in the above diagram is auto-
matically an isomorphism, see Exercise 2.5] Warning: there can be
non-equivalent extensions with £ = E’, see Exercise .

We will now construct a map

0: extr(M,N) — Exth(M,N)

and show that it is a bijection. To define the map, consider an element
e € extr(M, N), represented by a short exact sequence

0O—N—F—M-—0.

By Theorem [12.5] this induces a long exact sequence, of which a part
reads

-+ — Homp(N, N) — Exth(M, N) — ---
We define 6(e) € Exth(M, N) to be the image of idy under the above
map.

Theorem 12.7. The map
0: extr(M,N) — Exth(M,N)
s a bijection.
PROOF. We construct map
¥: BExth(M,N) — extr(M, N)

but omit the tedious verification that it is a two-sided inverse.
Choose a free module F' and a surjection ' — M. Let K be the
kernel. Then we have a short exact sequence

0K - F —M-—0.

The induced long exact sequence of Theorem [I12.5] contains

Homp(F, N) — Homp(K, N) -2 Exth(M, N) — ExtL(F, N).
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Since I is a free module, it has a ‘trivial’ one-term free resolution, and
one sees that Ext%(F, N) = 0 for all i > 0. It follows that the map J is
surjective.

Let e € Exth(M,N). Choose an R-linear map f: K — N with
0(f) = e. In the commutative diagram

0 s K id K > 0

| |e I

0—— N -2 NaoF 23 F ——0

both rows are exact, and all the vertical maps are injective (since 7 is
injective). It follows that there is an induced short exact sequence of
cokernels
0O —N—F—M—70

with £ = coker(K — N & F). We define ¢(e) € extr(M,N) to be
this extension. One verifies that this is well-defined: if also f': K — N
satisfies §(f) = e, leading to an extension E’, then f' = f + h for some
linear map h: F' — N, and one shows that the isomorphism

F®&N—-F®N, (z,y) — (z,y + hx)

induces an isomorphism E — E’ of extensions. O
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Exercises

Exercise 12.1. Let R be a ring, F' a free R-module, and N an R-
module. Show that Ext’z(F, N) = 0 for all i # 0.

Exercise 12.2. Let K be a field. Let M and N be K-modules. Show
that Ext% (M, N) =0 for all  # 0.

Exercise 12.3. Let n and m be positive integers. Compute for all ¢
the Z-modules

(1) Ext%(Z,Z/mZ);

(2) Exty(Z/nZ,Z);

(3) Exty,(Z/nZ,Z/mZ).

Exercise 12.4. Let K be a field. Consider the ring R = K[X?, X?] C
K[X]. Let I = (X2, X3). Show that Exty(I, R/I) is non-zero, and
conclude that 7 is not a principal ideal. Show that also Ext%(R/I, R/I)
is non-zero.

Exercise 12.5. Let K be a field. Consider the ring R = K[X,Y] and
the R-module M = K[X,Y]/(X,Y). Compute Ext%(M, R). Conclude
that M does not have a free resolution of the form 0 — F; — Fy —
M — 0.

Exercise 12.6. Let R be a principal ideal domain. Show that for every
i > 2, for every finitely generated R-module M, and for every R-module
N we have Ext’z (M, N) = 0.

Exercise 12.7. Let R be a ring, N an R-module and n > 1. As-
sume that Ext%(M,N) = 0 for all R-modules M. Show that also
Ext™ (M, N) = 0 for all R-modules M. (Hint: consider a short exact
sequence of the form 0 - K — F — M — 0 with F' a free module).

Exercise 12.8. Let
0O—N—FE—>M—0

be a short exact sequence of R-modules. Let ¢: N — N’ be a morphism
of R-modules, and let E’ be the pushout of N —+ F and ¢: N — N'.
Show that there is a short exact sequence

0—N —FE —M-—0
of R-modules. (Hint, see Exercise [0.8)).
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Exercise 12.9. Let
0O—N—F—M-—0

be a short exact sequence of R-modules. Let ¢: M’ — M be a mor-
phism of R-modules, and let E’ be the pullback of E — M and
@: M’ — M. Show that there is a short exact sequence

0—N-—F —M —0

of R-modules. (Hint, see Exercise .

Exercise 12.10. Let R be a ring. Show directly (without using the
relation with Ext!) that

rMod” x RpMod — Set, (M, N) — extr(M,N)

is a functor. (In particular: explain what the functor does on the level
of morphisms).

Exercise 12.11. Describe explicitly the n elements of the set extz(Z/nZ,Z)
for:

(1) n a prime number;
(2) n = pg with p and ¢ distinct primes;
(3) n=4.

Exercise 12.12. For ¢ = 1,2 let
0— N2 p 20

be a short exact sequence of R-modules. Define an R-module E as the
quotient

o ker (,81 — Bo: Eh1 ® Ey —>M)
" im ((on, a0): N — By @ By)

Show that there is a natural short exact sequence
0—N—F—M—70
of R-modules.

Exercise 12.13. Let K be a field and let A\, Ay € K. Let M; :=
K[X]/(X — X;). Show that Ext}([x}(Mg, My) = 0if Ay # A\y. Compute
EXt%([X](MQ,Ml) when Ay = A\q.
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Exercise 12.14. Let K be a field, A1, Ao, u € K. Consider the matrix

_ (M on
A= (0 )\2)
and let E be the K[X]-module given by E = K? on which X acts by
A. Show that E sits in a short exact sequence of K[X]-modules

0O— M —F—My—0

where M; = K with X acting as A\;. Show that this sequence splits if
and only if Aa # A1 or = 0. Relate this to the previous exercise.

Exercise 12.15. Let n be a positive integer, and consider the ring
R = Z[X]/(X™ —1). Let M be the quotient module R/(X — 1).
Compute the R-modules Ext% (M, M) and Ext’ (M, R). (Hint: use the
free resolution from Exercise [11.4)).
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