
Algorithms for Decision Support 

(Integer) Linear Programming (2/3)
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Outline
• More modeling op:miza:on problems to (integer) programming 

problems 

• Set cover 

• Shortest paths 

• Traveling Salesperson Problem 

• LP relaxa:on and upper/lower bound 

• Solving ILP: Branch and bound method
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Set Cover Problem
• Given a certain number of regions, the problem is to decide where to 

install a set of emergency service centers. For each possible center the 
cost of installing a service center, and which regions it can service are 
known. The goal is to choose a minimum cost set of service centers so 
that each region is covered. 

• A more mathema:cal descrip:on: 
Let  be the set of regions, and  be the 
set of poten:al centers. Let  be the centers  that can service set 

, and  its installa:on cost. Choose a minimum cost set of service 
centers so that each region is covered.

M = {1,2,⋯, m} N = {1,2,⋯, n}
Si ⊆ N j

i ∈ M cj
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Set Cover Problem
• Let  be the set of regions, and  be the set of poten:al 

centers. Let  be the centers  that can service set , and  its installa:on 
cost. Choose a minimum cost set of service centers so that each region is covered. 

• Decision: select center  or not 

• Variable:  if center  is selected, and  otherwise 

•  if , and  otherwise 

• Objec:ve:  

• Constraints: at least one center must service region :  for  

•  for 

M = {1,2,⋯, m} N = {1,2,⋯, n}
Si ⊆ N j i ∈ M cj

j

xj = 1 j xj = 0

aij = 1 i ∈ Sj aij = 0

min Σn
j=1cjxj

i Σn
j=1aijxj ≥ 1 i = 1,⋯, m

xj ∈ {0,1} j = 1,⋯, n
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• Let  be the set of regions, and  be the set of poten:al 
centers. Let  be the centers  that can service set , and  its installa:on 
cost. Choose a minimum cost set of service centers so that each region is covered. 

•

M = {1,2,⋯, m} N = {1,2,⋯, n}
Si ⊆ N j i ∈ M cj

Set Cover Problem
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Set Cover Problem
• Variable:  if center  is selected, and  otherwise 

• Minimize     

subject to   for  

   for 

xj = 1 j xj = 0

Σn
j=1cjxj

Σj∈Si
xj ≥ 1 i = 1,⋯, m

xj ∈ {0,1} j = 1,⋯, n
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Outline
• More modeling op:miza:on problems to (integer) programming 

problems 

• Set cover 

• Shortest paths 

• Traveling Salesperson Problem 

• LP relaxa:on and upper/lower bound 

• Solving ILP: Branch and bound method
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Shortest paths
• Given a directed graph , each edge  has a non-nega:ve length 

. We want to find a path from  to  with the shortest length.  

• Variable:  if the edge  is in the  shortest path 

• minimize   

subject to    

  

     for all  

  for all 

G = (V, E) (u, v)
ℓuv s ∈ V t ∈ V

xuv = 1 (u, v) s − t

Σ(u,v)∈E ℓuvxuv

Σ(s,k)∈E xsk = 1

Σ(k,t)∈E xkt = 1

Σ(k,v)∈E xkv − Σ(v,k)∈E xvk = 0 v ∈ V∖{s, t}

xuv ∈ {0,1} u, v ∈ V
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xuv ∈ {0,1} u, v ∈ V
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xuv = 1 (u, v)
xuv = 0

 min Σ(u,v)∈E ℓuvxuv

For  on the shortest path,  
 

v
Σ(k,v)∈Exkv = 1
Σ(v,k)∈Exvk = 1

For  not on the shortest path,  
 

v
Σ(k,v)∈Exkv = 0
Σ(v,k)∈Exvk = 0

For ,  
  

v ∈ V∖{s, t}
Σ(k,v)∈Exkv = Σ(v,k)∈Exvk



Shortest paths
• Given a directed graph , each edge  has a non-nega:ve length 

. We want to find a path from  to  with the shortest length.  

• Variable:  if the edge  is in the  shortest path 

• minimize   

subject to    

  

     for all  

  for all 

G = (V, E) (u, v)
ℓuv s ∈ V t ∈ V

xuv = 1 (u, v) s − t

Σ(u,v)∈E ℓuvxuv

Σ(s,k)∈E xsk = 1

Σ(k,t)∈E xkt = 1

Σ(k,v)∈E xkv − Σ(v,k)∈E xvk = 0 v ∈ V∖{s, t}

xuv ∈ {0,1} u, v ∈ V
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v ∈ V∖{s, t}
Σ(k,v)∈Exkv = Σ(v,k)∈Exvk
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Shortest paths
• Given a directed graph , each edge  has a non-nega:ve length 

. We want to find a path from  to  with the shortest length.  

• Variable:  if the edge  is in the  shortest path 

• minimize   

subject to    

  

     for all  

  for all 

G = (V, E) (u, v)
ℓuv s ∈ V t ∈ V

xuv = 1 (u, v) s − t

Σ(u,v)∈E ℓuvxuv

Σ(s,k)∈E xsk = 1

Σ(k,t)∈E xkt = 1

Σ(k,v)∈E xkv − Σ(v,k)∈E xvk = 0 v ∈ V∖{s, t}

xuv ∈ {0,1} u, v ∈ V
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Shortest paths
• Some:mes, the constraints are not explicitly stated and need to be 

figured out by analyzing the desired solu:on’s property 

• Trick:  

• There are two types of ver$ces, depending on if it is on the shortest 
path from  to  

• Different types ver:ces have different characteriza:ons  observe 
the property and make a set of constraints for any vertex  that does 
not rely on whether  is in the shortest path

s t
→

v
v



Outline
• More modeling op:miza:on problems to (integer) programming 

problems 

• Set cover 

• Shortest paths 

• Traveling Salesperson Problem 

• LP relaxa:on and upper/lower bound 

• Solving ILP: Branch and bound method
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Traveling Salesperson Problem
• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 

taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1cijxij

i Σj≠ixij = 1 i = 1,⋯, n

i Σj≠ixji = 1 i = 1,⋯, n

S ⊊ N S ≠ ϕ Σi∈SΣi∉Sxij ≥ 1

xij ∈ {0,1} i = 1,⋯, n, j = 1,⋯, n
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Traveling Salesperson Problem
• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 

taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
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n
j=1cijxij
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Traveling Salesperson Problem
• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 

taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1cijxij

i Σj≠ixij = 1 i = 1,⋯, n

i Σj≠ixji = 1 i = 1,⋯, n

S ⊊ N S ≠ ϕ Σi∈SΣi∉Sxij ≥ 1

xij ∈ {0,1} i = 1,⋯, n, j = 1,⋯, n
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Traveling Salesperson Problem
• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 

taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1cijxij

i Σj≠ixij = 1 i = 1,⋯, n

i Σj≠ixji = 1 i = 1,⋯, n

S ⊊ N S ≠ ϕ Σi∈SΣi∉Sxij ≥ 1

xij ∈ {0,1} i = 1,⋯, n, j = 1,⋯, n
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Traveling Salesperson Problem
• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 

taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1cijxij

i Σj≠ixij = 1 i = 1,⋯, n

i Σj≠ixji = 1 i = 1,⋯, n

S ⊊ N S ≠ ϕ Σi∈SΣi∉Sxij ≥ 1

xij ∈ {0,1} i = 1,⋯, n, j = 1,⋯, n
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Traveling Salesperson Problem
• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 

taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1cijxij

i Σj≠ixij = 1 i = 1,⋯, n

i Σj≠ixji = 1 i = 1,⋯, n

S ⊊ N S ≠ ϕ Σi∈SΣi∉Sxij ≥ 1

xij ∈ {0,1} i = 1,⋯, n, j = 1,⋯, n
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Traveling Salesperson Problem
• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 

taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1cijxij

i Σj≠ixij = 1 i = 1,⋯, n

i Σj≠ixji = 1 i = 1,⋯, n
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Traveling Salesperson Problem
• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 

taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1cijxij

i Σj≠ixij = 1 i = 1,⋯, n

i Σj≠ixji = 1 i = 1,⋯, n

S ⊊ N S ≠ ϕ Σi∈SΣi∉Sxij ≥ 1

xij ∈ {0,1} i = 1,⋯, n, j = 1,⋯, n
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• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 
taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1cijxij

i Σj≠ixij = 1 i = 1,⋯, n

i Σj≠ixji = 1 i = 1,⋯, n

S ⊊ N S ≠ ϕ Σi∈SΣi∉Sxij ≥ 1

xij ∈ {0,1} i = 1,⋯, n, j = 1,⋯, n

Traveling Salesperson Problem
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• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 
taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1cijxij
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i Σj≠ixji = 1 i = 1,⋯, n

S ⊊ N S ≠ ϕ Σi∈SΣi∉Sxij ≥ 1

xij ∈ {0,1} i = 1,⋯, n, j = 1,⋯, n
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• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 
taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 
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• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 
taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 
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49

b

a f

c g

ed

9

1

3

6

1

3

1

0

7

0

4

1

1

1

xaf

xda

xab

 min Σn
i=1Σ

n
j=1 cijxji

any non-empty  
subset of ci:es S

The tour must be traveling  
between the cuts

For  and ,  S ⊊ N S ≠ ϕ Σi∈SΣj∉Sxij ≥ 1

For every city , i Σj≠ixji = 1

For every city , i Σj≠ixij = 1



• A salesperson must visit each of  ci:es exactly once and then return to the star:ng point. The :me 
taken to travel from city  to city  is . Find the order in which the salesperson should make their tour 
so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:  

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1cijxij

i Σj≠ixij = 1 i = 1,⋯, n

i Σj≠ixji = 1 i = 1,⋯, n

S ⊊ N S ≠ ϕ Σi∈SΣi∉Sxij ≥ 1

xij ∈ {0,1} i = 1,⋯, n, j = 1,⋯, n

Traveling Salesperson Problem
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Traveling Salesperson Problem
• A salesperson must visit each of a set  of  ci:es exactly once and then return to the star:ng point. The 

:me taken to travel from city  to city  is . Find the order in which the salesperson should make their 
tour so as to finish as quickly as possible.  

• Decision: which edges to take, and the order of taking the edges 

•  if the salesperson goes directly from town  to town , and  otherwise 

• Objec:ve:   

• Constraint: Each city is visited exactly once  

• Leave city  once  for   

• Arrive city  once  for  

• For  and ,   

•  for 

N n
i j cij

xij = 1 i j xij = 0

min Σn
i=1Σ

n
j=1 cijxij

i Σj≠ixij = 1 i = 1,⋯, n

i Σj≠ixji = 1 i = 1,⋯, n

S ⊊ N S ≠ ϕ Σi∈SΣj∉Sxij ≥ 1

xij ∈ {0,1} i = 1,⋯, n, j = 1,⋯, n
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Traveling Salesperson Problem
• Find the ordering is automa:cally done by “choosing a cycle” 

• Some:mes, the naive formulated constraints are only necessary 
condi:ons, but not sufficient  

 find alterna:ve formula:ons to rule out the excep:ons⇒



Outline
• More modeling op:miza:on problems to (integer) programming 

problems 

• Set cover 

• Shortest paths 

• Traveling Salesperson Problem 

• LP relaxa:on and upper/lower bound 

• Solving ILP: Branch and bound method
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Different Linear Programming Problems
• Linear programming 

• decisions can be real numbers
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• Integer Linear programming 
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Different Linear Programming Problems
• Linear programming 

• decisions can be real numbers
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• Integer Linear programming 
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LP relaxa:on 
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LP relaxa:on 
• Integer Linear programming 

• decisions must be integral 

maximize  

subject to  

  

 

50x + 32y

50x + 31y ≤ 250
3x − 2y ≥ − 4
x, y ∈ ℕ
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LP relaxa:on 
• Linear programming 

• decisions can be real numbers 

maximize  

subject to  
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• Integer Linear programming 
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50x + 32y
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3x − 2y ≥ − 4
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LP relaxa:on 
• Linear programming 

• decisions can be real numbers 

maximize  

subject to  
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• Integer Linear programming 
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maximize  

subject to  

  

 

50x + 32y

50x + 31y ≤ 250
3x − 2y ≥ − 4
x, y ∈ ℕ
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LP relaxa:on 
• Linear programming 

• decisions can be real numbers 

maximize  

subject to  
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subject to  
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LP relaxa:on 
• Linear programming 

• decisions can be real numbers 

maximize  

subject to  
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LP relaxa:on 
• Linear programming 

• decisions can be real numbers 
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LP relaxa:on 
• Linear programming 

• decisions can be real numbers 

maximize  

subject to  

  

 

50x + 32y

50x + 31y ≤ 250
3x − 2y ≥ − 4
x, y ≥ 0

• Integer Linear programming 

• decisions must be integral 

maximize  

subject to  

  

 

50x + 32y

50x + 31y ≤ 250
3x − 2y ≥ − 4
x, y ∈ ℕ
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frac:onal op:mum 254.92227 

, x =
376
193

y =
950
193

integral op:mum 250 
, x = 5 y = 0

228 
, x = 2 y = 4



LP relaxa:on 
• Linear programming 

• decisions can be real numbers 

maximize  

subject to  

  

 

50x + 32y

50x + 31y ≤ 250
3x − 2y ≥ − 4
x, y ≥ 0

• Integer Linear programming 

• decisions must be integral 

maximize  

subject to  

  

 

50x + 32y

50x + 31y ≤ 250
3x − 2y ≥ − 4
x, y ∈ ℕ

65

frac:onal op:mum 254.92227 

, x =
376
193

y =
950
193

integral op:mum 250 
, x = 5 y = 0

228 
, x = 2 y = 4

50x + 32y = 250



LP relaxa:on and upper/lower bound
• For maximiza:on ILP problems, its LP relaxa:on gives an upper bound of 

the op:mal (integral) value

Any integral solu:on can be seen as a frac:onal solu:on
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LP relaxa:on and upper/lower bound
• For maximiza:on ILP problems, its LP relaxa:on gives an upper bound of 

the op:mal (integral) value

Any integral solu:on can be seen as a frac:onal solu:on

If an op:mal frac:onal solu:on happens to be integral, it is an op:mal integral solu:on

67



LP relaxa:on and upper/lower bound
• For maximiza:on ILP problems, its LP relaxa:on gives an upper bound of 

the op:mal (integral) value

objec:ve value
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LP relaxa:on and upper/lower bound
• For maximiza:on ILP problems, its LP relaxa:on gives an upper bound of 

the op:mal (integral) value

objec:ve value

feasible integral instance 
(x, y) = (0,1)
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LP relaxa:on and upper/lower bound
• For maximiza:on ILP problems, its LP relaxa:on gives an upper bound of 

the op:mal (integral) value

objec:ve value

feasible integral instance 
(x, y) = (0,1)

feasible integral instance 
(x, y) = (1,0)
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LP relaxa:on and upper/lower bound
• For maximiza:on ILP problems, its LP relaxa:on gives an upper bound of 

the op:mal (integral) value

objec:ve value

We want to find the posi:on of the right-most value
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LP relaxa:on and upper/lower bound
• For maximiza:on ILP problems, its LP relaxa:on gives an upper bound of 

the op:mal (integral) value

objec:ve value

We want to find the posi:on of the right-most value
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LP relaxa:on and upper/lower bound
• For maximiza:on ILP problems, its LP relaxa:on gives an upper bound of 

the op:mal (integral) value

objec:ve value

We want to find the posi:on of the right-most value

The op:mal frac:onal solu:on of the LP relaxa:on  
is always an upper bound of the op:mal integral solu:on
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LP relaxa:on and upper/lower bound
• For minimizaAon ILP problems, its LP relaxa:on gives an lower bound of 

the op:mal (integral) value
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LP relaxa:on and upper/lower bound
• For minimizaAon ILP problems, its LP relaxa:on gives an lower bound of 

the op:mal (integral) value

objec:ve value
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LP relaxa:on and upper/lower bound
• For minimizaAon ILP problems, its LP relaxa:on gives an lower bound of 

the op:mal (integral) value

objec:ve value

We want to find the posi:on of the lef-most value
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LP relaxa:on and upper/lower bound
• For minimizaAon ILP problems, its LP relaxa:on gives an lower bound of 

the op:mal (integral) value

objec:ve value

We want to find the posi:on of the lef-most value
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LP relaxa:on and upper/lower bound
• For minimizaAon ILP problems, its LP relaxa:on gives an lower bound of 

the op:mal (integral) value

objec:ve value

We want to find the posi:on of the lef-most value

The op:mal frac:onal solu:on of the LP relaxa:on  
is always an lower bound of the op:mal integral solu:on

78



What happened

• It’s tricky to find the op:mal integral solu:on, but the op:mal frac:onal 
solu:on of the ILP’s relaxa:on provides an upper (lower) bound of the 
op:mal integral solu:on in the maximiza:on (minimiza:on) problem



Different formula:ons of ILP
• Geometrically, we can see that there must be an infinite number of 

formula:ons 

• How can we choose between them?

80

Formula:on 1



Different formula:ons of ILP
• Geometrically, we can see that there must be an infinite number of 

formula:ons 

• How can we choose between them?
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Formula:on 1

Formula:on 2



Different formula:ons of ILP
• Geometrically, we can see that there must be an infinite number of 

formula:ons 

• How can we choose between them?

82

Formula:on 1

Formula:on 2
We cannot directly say that Formula:on 1  

is beier or Formula:on 2 is beier



Different formula:ons of ILP
• Geometrically, we can see that there must be an infinite number of 

formula:ons 

• How can we choose between them?
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Formula:on 1

Formula:on 2



Different formula:ons of ILP
• Geometrically, we can see that there must be an infinite number of 

formula:ons 

• How can we choose between them?

84

Formula:on 1

Formula:on 2

Formula:on 2 is beier than Formula:on 1



Different formula:ons of ILP
• Geometrically, we can see that there must be an infinite number of 

formula:ons 

• How can we choose between them?

85

Formula:on 1

Formula:on 2

Formula:on 2 is beier than Formula:on 1

(Maximiza:on) 
If the feasible region of Form. 2 
is fully inside the feasible region 
of Form. 1, an op:mal frac:onal 
solu:on to Form. 2 is always a 
feasible solu:on to Form. 1 

     ⇒ OPTLP1 ≥ OPTLP2 ≥ OPTILP



Different formula:ons of ILP
• Geometrically, we can see that there must be an infinite number of 

formula:ons 

• How can we choose between them?

86

Formula:on 1

Formula:on 2

Ideal formula:on



Different formula:ons of ILP
• Geometrically, we can see that there must be an infinite number of 

formula:ons 

• How can we choose between them?

87

Formula:on 1

Formula:on 2

Illegal formula:on



Different formula:ons of ILP
• Geometrically, we can see that there must be an infinite number of 

formula:ons 

• How can we choose between them?

88

Formula:on 1

Formula:on 2

Illegal formula:on



Modeling choice 
• There are alterna:ve formula:ons, and some might be “beier” than 

others 

• That is, it more accurately/efficiently capture the op:mal (integral) 
solu:on
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Modeling choice 
• There are alterna:ve formula:ons, and some might be “beier” than 

others 

• That is, it more accurately/efficiently capture the op:mal (integral) 
solu:on

90

objec:ve value

We want to find the posi:on of the right-most value

The op:mal frac:onal solu:on of the LP relaxa:on  
is always an upper bound of the op:mal integral solu:on



Modeling choice 
• There are alterna:ve formula:ons, and some might be “beier” than 

others 

• That is, it more accurately/efficiently capture the op:mal (integral) 
solu:on

91

objec:ve value

We want to find the posi:on of the right-most value

The op:mal frac:onal solu:on of the LP relaxa:on  
is always an upper bound of the op:mal integral solu:on

formula:on 1

formula:on 2



Modeling choice 
• There are alterna:ve formula:ons, and some might be “beier” than 

others 

• That is, it more accurately/efficiently capture the op:mal (integral) 
solu:on

92

objec:ve value

We want to find the posi:on of the lef-most value

formula:on 1 formula:on 2

The op:mal frac:onal solu:on of the LP relaxa:on  
is always an upper bound of the op:mal integral solu:on



What happened

• Different formula:on (via different sets of constraints) might provide 
different op:mal frac:onal solu:ons 

• The different formula:ons shouldn’t exclude any feasible integral 
solu:on or include any infeasible integral solu:on



Outline
• More modeling op:miza:on problems to (integer) programming 

problems 

• Set cover 

• Shortest paths 

• Traveling Salesperson Problem 

• LP relaxa:on and upper/lower bound 

• Solving ILP: Branch and bound method

94



Branch-and-Bound
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Branch-and-Bound
• Solve integer programming problems 

• Lis:ng every feasible solu:on  solves the 
problem (not efficiently) 

• Idea: Use divide and conquer via an enumera:on tree 

• Divide the solu:on set into subsets 

• Find the upper bound and lower bound of the op:mal solu:on within 
each subset 

• “Cut” the branch if the bounds provide enough informa:on

(x1, x2, ⋯, xn) = (0,1,⋯,0)

96



Branch-and-Bound

97

S

S0 S1

S00 S01 S10 S11

x1 = 0 x1 = 1

x2 = 0 x2 = 1 x2 = 0 x2 = 1

…
…

all possible solu:ons (feasible or infeasible)



Branch-and-Bound

98

S
Maximiza:on

S



Branch-and-Bound

99

S
Maximiza:on

objec:ve value

S



Branch-and-Bound

100

S
[12, 27]Maximiza:on

objec:ve value

S

27



Branch-and-Bound

101

S
[12, 27]Maximiza:on

objec:ve value

S

2712



Branch-and-Bound

102

S

S0 S1

x1 ≤ c x1 ≥ c + 1

[12, 27]Maximiza:on

objec:ve value

S

c c + 1 x1

2712



Branch-and-Bound

103

S

S0 S1

x1 ≤ c x1 ≥ c + 1

[12, 27]Maximiza:on

objec:ve value

S0 S1

c c + 1 x1

2712



2712

Branch-and-Bound

104

S

S0 S1

[12, 27]Maximiza:on

[10, 13]

objec:ve value

x1 ≤ c x1 ≥ c + 1

S0 S1

13



2712

Branch-and-Bound

105

S

S0 S1

[12, 27]Maximiza:on

[10, 13]

objec:ve value

x1 ≤ c x1 ≥ c + 1

S0 S1

1310



2712

Branch-and-Bound

106

S

S0 S1

[12, 27]Maximiza:on

[10, 13]

objec:ve value

x1 ≤ c x1 ≥ c + 1

S0 S1

1310



2712

Branch-and-Bound

107

S

S0 S1

[12, 27]Maximiza:on

[10, 13] [21, 26]

objec:ve value

x1 ≤ c x1 ≥ c + 1

S0 S1

261310



2712

Branch-and-Bound

108

S

S0 S1

[12, 27]Maximiza:on

[10, 13] [21, 26]

objec:ve value

x1 ≤ c x1 ≥ c + 1

S0 S1

21 261310



2712

Branch-and-Bound

109

S

S0 S1

[12, 27]Maximiza:on

[10, 13] [21, 26]

objec:ve value

x1 ≤ c x1 ≥ c + 1

S0 S1

21 261310



2712

Branch-and-Bound

110

S

S0 S1

[12, 27]Maximiza:on

[10, 13] [21, 26]

objec:ve value

x1 ≤ c x1 ≥ c + 1

S0 S1

21 261310



2712

Branch-and-Bound

111

S

S0 S1

[12, 27]Maximiza:on

[10, 13] [21, 26]

objec:ve value

x1 ≤ c x1 ≥ c + 1

S0 S1

21 261310

[21, 26]



2712

Branch-and-Bound

112

S

S0 S1

[12, 27]Maximiza:on

[10, 13] [21, 26]

objec:ve value

x1 ≤ c x1 ≥ c + 1

S0 S1

21 261310

[21, 26]



Branch-and-Bound

113

S

S0 S1

x1 ≤ c x1 ≥ c + 1

[12, 27]Maximiza:on

objec:ve value

S0 S1

[20, 20]

c c + 1 x1

2712



Branch-and-Bound

114

S

S0 S1

x1 ≤ c x1 ≥ c + 1

[12, 27]Maximiza:on

objec:ve value

S0 S1

[20, 20]

c c + 1 x1

2712 20
20



Branch-and-Bound

115

S

S0 S1

x1 ≤ c x1 ≥ c + 1

[12, 27]Maximiza:on

objec:ve value

S0 S1

[20, 20]

c c + 1 x1

2712 20
20



Branch-and-Bound

116

S

S0 S1

x1 ≤ c x1 ≥ c + 1

[12, 27]Maximiza:on

[20, 20] [15, 25]

objec:ve value

S0 S1

c c + 1 x1

2712 20
20

25



Branch-and-Bound

117

S

S0 S1

x1 ≤ c x1 ≥ c + 1

[12, 27]Maximiza:on

[20, 20] [15, 25]

objec:ve value

S0 S1

c c + 1 x1

20
20

2712 2515



Branch-and-Bound

118

S

S0 S1

x1 ≤ c x1 ≥ c + 1

[12, 27]Maximiza:on

[20, 20] [15, 25]

objec:ve value

S0 S1

c c + 1 x1

20
20

2712 2515



Branch-and-Bound

119

S

S0 S1

x1 ≤ c x1 ≥ c + 1

[12, 27]Maximiza:on

[20, 20] [15, 25]

objec:ve value

S0 S1

20

15

25

c c + 1 x1

20
20

2712 2515



Branch-and-Bound

120

S

S0 S1

x1 ≤ c x1 ≥ c + 1

[12, 27]Maximiza:on

[20, 20] [15, 25]

objec:ve value

S0 S1

20

15

25

c c + 1 x1

[20, 25]

20
20

2712 2515



Branch-and-Bound

• Branch-and-bound method solves ILPs by gradually narrowing down the 
range of op:mal solu:ons 

• Branching: divide the solu:on space via choices of specific variables 

• Bound: improve the range of the op:mal value via pruning a branch 
or merging the bounds from different branches



Use Branch-and-Bound to solve Knapsack

• There is a budget  available for investment in projects during the coming 
year, and  projects are under considera:on, where  is the outlay for 

project , and  is its expected return. The goal is to choose a set of projects 
so that the budget is not exceeded and the expected return is maximized

b
n aj

j cj

122

project 1 2 3 nj

outlay a1 a2 a3 a5a4

expected 
return

c3 c5c4

budget

b

c1 c2



Use Branch-and-Bound to solve Knapsack

123

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

maximize           
subject to           

8x1 + 12x2 + 7x3 + 15x4 + 12x5
4x1 + 8x2 + 3x3 + 6x4 + 5x5 ≤ 15
x1, x2, x3, x4, x5 ∈ {0,1}



Use Branch-and-Bound to solve Knapsack

124

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

maximize           
subject to           

8x1 + 12x2 + 7x3 + 15x4 + 12x5
4x1 + 8x2 + 3x3 + 6x4 + 5x5 ≤ 15
x1, x2, x3, x4, x5 ∈ {0,1}



Use Branch-and-Bound to solve Knapsack

125

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

maximize           
subject to           

8x1 + 12x2 + 7x3 + 15x4 + 12x5
4x1 + 8x2 + 3x3 + 6x4 + 5x5 ≤ 15
x1, x2, x3, x4, x5 ∈ {0,1}

• Op:mal frac:onal solu:on can be found by greedily selecAng the item with the highest outlay/return value without 
exceeding the budget 

•    , and there is a feasible integral solu:on   OPTf = [8,12,7,15,12]⋅[
1
4

,0,1,1,1]T= 36 [8,12,7,15,12]⋅[0,0,1,1,1]T = 36

total outlay: 0

15



Use Branch-and-Bound to solve Knapsack

126

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

maximize           
subject to           

8x1 + 12x2 + 7x3 + 15x4 + 12x5
4x1 + 8x2 + 3x3 + 6x4 + 5x5 ≤ 15
x1, x2, x3, x4, x5 ∈ {0,1}

1

total outlay: 6

• Op:mal frac:onal solu:on can be found by greedily selecAng the item with the highest outlay/return value without 
exceeding the budget 

•    , and there is a feasible integral solu:on   OPTf = [8,12,7,15,12]⋅[
1
4

,0,1,1,1]T= 36 [8,12,7,15,12]⋅[0,0,1,1,1]T = 36

15



Use Branch-and-Bound to solve Knapsack

127

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

maximize           
subject to           

8x1 + 12x2 + 7x3 + 15x4 + 12x5
4x1 + 8x2 + 3x3 + 6x4 + 5x5 ≤ 15
x1, x2, x3, x4, x5 ∈ {0,1}

11

total outlay: 11

• Op:mal frac:onal solu:on can be found by greedily selecAng the item with the highest outlay/return value without 
exceeding the budget 

•    , and there is a feasible integral solu:on   OPTf = [8,12,7,15,12]⋅[
1
4

,0,1,1,1]T= 36 [8,12,7,15,12]⋅[0,0,1,1,1]T = 36

15



Use Branch-and-Bound to solve Knapsack

128

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

maximize           
subject to           

8x1 + 12x2 + 7x3 + 15x4 + 12x5
4x1 + 8x2 + 3x3 + 6x4 + 5x5 ≤ 15
x1, x2, x3, x4, x5 ∈ {0,1}

111

total outlay: 14

• Op:mal frac:onal solu:on can be found by greedily selecAng the item with the highest outlay/return value without 
exceeding the budget 

•    , and there is a feasible integral solu:on   OPTf = [8,12,7,15,12]⋅[
1
4

,0,1,1,1]T= 36 [8,12,7,15,12]⋅[0,0,1,1,1]T = 36

15



Use Branch-and-Bound to solve Knapsack

129

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

maximize           
subject to           

8x1 + 12x2 + 7x3 + 15x4 + 12x5
4x1 + 8x2 + 3x3 + 6x4 + 5x5 ≤ 15
x1, x2, x3, x4, x5 ∈ {0,1}

111
1
4

total outlay: 15

• Op:mal frac:onal solu:on can be found by greedily selecAng the item with the highest outlay/return value without 
exceeding the budget 

•    , and there is a feasible integral solu:on   OPTf = [8,12,7,15,12]⋅[
1
4

,0,1,1,1]T= 36 [8,12,7,15,12]⋅[0,0,1,1,1]T = 36

15



Use Branch-and-Bound to solve Knapsack

130

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

maximize           
subject to           

8x1 + 12x2 + 7x3 + 15x4 + 12x5
4x1 + 8x2 + 3x3 + 6x4 + 5x5 ≤ 15
x1, x2, x3, x4, x5 ∈ {0,1}

111
1
4

0

total outlay: 15

• Op:mal frac:onal solu:on can be found by greedily selecAng the item with the highest outlay/return value without 
exceeding the budget 

•    , and there is a feasible integral solu:on   OPTf = [8,12,7,15,12]⋅[
1
4

,0,1,1,1]T= 36 [8,12,7,15,12]⋅[0,0,1,1,1]T = 36

15



Use Branch-and-Bound to solve Knapsack

131

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

maximize           
subject to           

8x1 + 12x2 + 7x3 + 15x4 + 12x5
4x1 + 8x2 + 3x3 + 6x4 + 5x5 ≤ 15
x1, x2, x3, x4, x5 ∈ {0,1}

111
1
4

0

total outlay: 15

• Op:mal frac:onal solu:on can be found by greedily selec:ng the item with the highest outlay/return value without 
exceeding the budget 

•    , and there is a feasible integral solu:on   OPTf = [8,12,7,15,12]⋅[
1
4

,0,1,1,1]T= 36 [8,12,7,15,12]⋅[0,0,1,1,1]T = 36

15



Use Branch-and-Bound to solve Knapsack

132

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

maximize           
subject to           

8x1 + 12x2 + 7x3 + 15x4 + 12x5
4x1 + 8x2 + 3x3 + 6x4 + 5x5 ≤ 15
x1, x2, x3, x4, x5 ∈ {0,1}

• Op:mal frac:onal solu:on can be found by greedily selec:ng the item with the highest outlay/return value without 
exceeding the budget 

•    , and there is a feasible integral solu:on   OPTf = [8,12,7,15,12]⋅[
1
4

,0,1,1,1]T= 36 [8,12,7,15,12]⋅[0,0,1,1,1]T = 34

111
1
4

00 0 1 1 115



• Op:mal frac:onal solu:on can be found by greedily selec:ng the item with the highest outlay/return value without 
exceeding the budget 

•    , and there is a feasible integral solu:on   OPTf = [8,12,7,15,12]⋅[
1
4

,0,1,1,1]T= 36 [8,12,7,15,12]⋅[0,0,1,1,1]T = 34

Use Branch-and-Bound to solve Knapsack

133

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

111
1
4

0

S

[34, 36]

0 0 1 1 115



Use Branch-and-Bound to solve Knapsack

134

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

0

S

[34, 36]

0

S1x4 = 0
total outlay: 0

15



Use Branch-and-Bound to solve Knapsack

135

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

10

S

[34, 36]

0

S1x4 = 0
total outlay: 5

15



Use Branch-and-Bound to solve Knapsack

136

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

101

S

[34, 36]

0

S1x4 = 0
total outlay: 8

15



Use Branch-and-Bound to solve Knapsack

137

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

1011

S

[34, 36]

0

S1x4 = 0
total outlay: 12

15



Use Branch-and-Bound to solve Knapsack

138

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

1011
3
8

S

[34, 36]

0

S1x4 = 0
total outlay: 15

15



Use Branch-and-Bound to solve Knapsack

139

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5
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[27, 31.5]
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[27, 31.5]
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[27, 31.5]
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0
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0
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[34, 35.5]

15

[34, 36]

[34, 36]

[34, 36]
[35, 36]

[35, 36]

[35, 36]



Use Branch-and-Bound to solve Knapsack

174

Item 1 2 3 4 5

return 8 12 7 15 12
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[27, 31.5]
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1
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1
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[27, 31.5]
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1
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1
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[30, 33]
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total outlay: 18
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0
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total outlay: 22

[34, 36]

[34, 36]
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[30, 33]

S4x5 = 1

1

S5

x3 = 0

0

[35, 35]

S6

x3 = 1

S7x1 = 0

[34, 35.5]

S8

x1 = 1
Infeasible

S9x2 = 0

[34, 34]

S9

Infeasible

x2 = 1

15

total outlay: 22

[34, 36]

[34, 36]

[34, 36]

[34, 36]
[35, 36]

[35, 36]

[35, 36]

[34, 35.5]

[35, 35.5]

[35, 35.5]

[35, 35.5]



Use Branch-and-Bound to solve Knapsack

185

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

111

S

1 1 1

S1x4 = 0

[27, 31.5]

S2x4 = 1

0 1

S3x5 = 0

[30, 33]

S4x5 = 1

1

S5

x3 = 0

0

[35, 35]

S6

x3 = 1

S7x1 = 0

[34, 35.5]

S8

x1 = 1
Infeasible

S9x2 = 0

[34, 34]

S9

Infeasible

x2 = 1

15

total outlay: 22

[34, 36]

[34, 36]

[34, 36]

[34, 36]
[35, 36]

[35, 36]

[35, 36]

[34, 35.5]

[35, 35.5]

[35, 35.5]

[35, 35.5] [34, 34]



Use Branch-and-Bound to solve Knapsack

186

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

111

S

1 1 1

S1x4 = 0

[27, 31.5]

S2x4 = 1

0 1

S3x5 = 0

[30, 33]

S4x5 = 1

1

S5

x3 = 0

0

[35, 35]

S6

x3 = 1

S7x1 = 0

[34, 35.5]

S8

x1 = 1
Infeasible

S9x2 = 0

[34, 34]

S9

Infeasible

x2 = 1

15

total outlay: 22

[34, 36]

[34, 36]

[34, 36]

[34, 36]
[35, 36]

[35, 36]

[35, 36]

[34, 35.5]

[35, 35.5]

[35, 35.5]

[35, 35.5] [34, 34]

[34, 34]



Use Branch-and-Bound to solve Knapsack

187

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

111

S

1 1 1

S1x4 = 0

[27, 31.5]

S2x4 = 1

0 1

S3x5 = 0

[30, 33]

S4x5 = 1

1

S5

x3 = 0

0

[35, 35]

S6

x3 = 1

S7x1 = 0

[34, 35.5]

S8

x1 = 1
Infeasible

S9x2 = 0

[34, 34]

S9

Infeasible

x2 = 1

15

total outlay: 22

[34, 36]

[34, 36]

[34, 36]

[34, 36]
[35, 36]

[35, 36]

[35, 36]

[34, 35.5]

[35, 35.5]

[35, 35.5]

[35, 35.5] [34, 34]

[34, 34]

[35, 35]

[35, 35]

[35, 35]



Use Branch-and-Bound to solve Knapsack

188

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

S

[35, 35]
S1x4 = 0

[27, 31.5]

S2x4 = 1

[35, 35]
S3x5 = 0

[30, 33]

S4x5 = 1

[35, 35]

S5

x3 = 0

[35, 35]

S6

x3 = 1

[34, 34]

S7x1 = 0

[34, 34]

S8

x1 = 1
Infeasible

S9x2 = 0

[34, 34]

S9

Infeasible

x2 = 1

15

total outlay: 22



Use Branch-and-Bound to solve Knapsack

189

Item 1 2 3 4 5

return 8 12 7 15 12

outlay 4 8 3 6 5

outlay/return 2 1.5 2.333 2.5 2.4

S

[35, 35]
S1x4 = 0

[27, 31.5]

S2x4 = 1

[35, 35]
S3x5 = 0

[30, 33]

S4x5 = 1

[35, 35]

S5

x3 = 0

[35, 35]

S6

x3 = 1

[34, 34]

S7x1 = 0

[34, 34]

S8

x1 = 1
Infeasible

S9x2 = 0

[34, 34]

S9

Infeasible

x2 = 1

15

total outlay: 22


