Exercise 1: Ever Given

1 Ever Given

In March 2021, a container ship Ever Given blocked the Suez Canal. Consider you are the captain of
one of the ships that is waiting to pass through Suez Canal. You want to arrive at your destination as
soon as possible. However, because of the obstruction, your ship is idle near the Suez Canal, and you
have no idea when the canal will be available again. You have two options:

e to wait until the canal is available, and you can pass through the canal in F' unit of time; or

¢ to go around Africa via the Cape of Good Hope, and you can arrive your destination in S units
of time.

Note that F' stands for fast, S stands for slow, and F' < S.

Let p be the prediction about the time when the canal is available. Answer the following questions:

1. Consider the following algorithm. Analyze the consistency and robustness.

Algorithm 1 Algorithm 1 (p)

1: if p > S — F then

2: Take the long path at time 0

3: else Pp<S—F
4: Wait until time S — F (and then take the long path at time S — F)

Let ¢ be the actual time when the canal is available.
Consistency. If ¢t > S — F, a correct advice p > S — F. In this case, % = % = 1.

Ift < S — F, a correct advice p < S — F. In this case, % = ;i—g = 1. Therefore, the
algorithm is 1-consistent.

Robustness. Ift > S — F, a wrong advice p < S — F. In this case, A()LST(be;t[;) = (S—g)+s =

2- 5. Ift <S—F,awrong advice p > S — F. In this case, % = 7F <

s
+. Therefore,

the algorithm is max{2 — g, %} = %—robust.

2. Let k € [0,S — F] be a trustness parameter. Consider the following algorithm. Analyze the
consistency and robustness.

Algorithm 2 Algorithm 2 (p)

if p> S5 — F then
Wait until time k£ (and then take the long path at time k)

else Pp<S—F
Wait until time S — F (and then take the long path at time S — F)

Let ¢ be the actual time when the canal is available.
Consistency. Ift > S—F, acorrect advice p > S—F'. In this case, % = % = 1+%.

Ift < S — F, a correct advice p < S — F. In this case, % = ;i—g = 1. Therefore, the

algorithm is max{1,1 + %} =1+ %)—consistent.



Robustness. Ift > S — F, a wrong advice p < S — F. In this case, A(;JF(,}T(%F;Z)’) = (S_§)+S =

. . ALG(S,Fit,
2—£.Ift < S—F, awrong advice p > S—F. In this case, W = fig < ’,ziF 1+k+F

Therefore, the algorithm is max{2 — £ 1+ g+£ =1+ *EH{T) robust.

3. Follow Question 2. Show that the algorithm is Pareto optimal.

Let A be an algorithm that is at most (1 + %)—consistent. Given a prediction p > S — F and
instance t = S (where ¢ is the actual time when the Canal is available), the algorithm A’s cost
should be at most (1 + %) - S = S+ k since OPT(t) = S. Therefore, A must turn to the long

path no later than k.

Now, consider the same prediction (p > S — F) but with ¢ = ¢’ 4+ ¢, where t’ is the time when
A turns to the long path. In this case, OPT = t' + € + F. Since A sees the same prediction,

it behaves the same and turns to the long path at time ¢’ < k. The robustness of A is then

S+t . t'+F+S—F S—F —F
t'+e+F ~ t+F =1+ t+F = 1+ k+F -

That is we prove that for any (1 + ) consistent algorithm, its robustness must be at least
1+ k T F Therefore, the algorithm in Questlon 2 is Pareto optimal.

4. Let a € [0,1] be a trustness parameter. Consider the following algorithm. Show that the

consistency of the algorithm is 2 — a and the robustness of the algorithm is ?:—g

Algorithm 3 Algorithm 3 (p)
1: if p > S — F then
2: Wait until time (S—F):(1—«a) (and then take the long path at time (S—F)-(1—«))
3: else pp<S—F
S—F

4: Wait until time 3—_ (and then take the long path at time 5;:—5)

Let t be the actual time when the canal is available.

Consistency. Ift > S —F, a correct advice p > S — F. In this case, % =

(S=F)(1-a)+S . S-(1-a)+5 _ 2 -
< =

a). If t < S —F, a correct advice p < S — F. In this case,

S
ALGIS Pbp) — t4F — 1 Therefore, the algorithm is max{2 — o, 1} = (2 — a)-consistent.

OPT(S,Fit) — t+F
Robustness. Ift > S — F, a wrong advice p < S — F. In this case, there are two subcases:
S—F S—F ALG(S,F,t,p) _ t4+F S=E4F s FiF(1-a) _
t < 3=, ort > 5=—. In the first case, OPT(SFH — S5 5 = —a) S =
S—a-F 1 ALG(S,Fit,p)  +2+S  S—F+S-(1—a) _ (1—a)-S+S _ o2_
(=a)s < 1=a- In thesecond case, Gprery) = —§ — =~ (-a)5 ~ = (-a)5 = i-a’
. . ALG(S,Ft, S—F)(1—a)+S
Ift < S —F, a wrong advice p > S — F. In this case, OPlS(S7F7tZ)’) = éS_Fgél_;"iiF =
(S=F)(1—a)+F+(S—F) _ S_F S—F __ _ [
Thi—atrF ~ = 't Ehaar S 1t mha—e = | T 1=a = 1-a- Therefore,
the algorithm is max{1, 22} = 2=%_robust.

5. Follow Question 4. Let the error measure n = |p — t|, where p and t are the predicted and the
actual time when the canal is available, respectively. Analyze Algorithm 3 and show that the
consistency is 2 — a and the robustness is max{1 + 55,2 —a + (2013%17} where OPT is the
optimal cost.

Consistency. It’s the same with Question 3.
Robustness. Ift > S — F, a wrong advice p < S F. In this case, ALG(S, F,t p) =

and OPT(S, F,t) = S. Moreover, n =t—p> =L —p> =L _(§_F)=(5—F) 12 Thus
ALG(S.Fitp) _ F=a+S _ 248 _
OPT(5, th; S5 < aopt + 1

Ift < S —F, awrong advice p > S — F. In this case, OPT =t + F, and n = p — t. Thus,
S—F<p=n+t=O0PT— F +1n. Therefore, ALG< (S—F)(1-a)+S=0PT+(S—F) <
OPT + (OPT — F + 1) <20PT + 1.
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